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		Introduction

		When we try to use ordinary language to explore mathematics, the words involved may not have a precise meaning, or may have more than one meaning. Many words have meanings that evolve as people adapt their understanding of them to accord with new experiences and new ideas. At any given time, one person's interpretation of language may differ from another person's interpretation, and this can lead to misunderstandings and confusion.

		In mathematics we try to avoid these difficulties by expressing our thoughts in terms of well-defined mathematical objects. These objects can be anything from numbers and geometrical shapes to more complicated objects, usually constructed from numbers, points and functions. We discuss these objects using precise language which should be interpreted in the same way by everyone. In this unit we introduce the basic mathematical language needed to express a range of mathematical concepts.

		Please note that this unit is presented through a series of downloadable PDF files.

		
			Learning outcomes

		

		By the end of this unit you should be able to:

		
				
				Section 1: Sets
			

				use set notation;

				determine whether two given sets are equal and whether one given set is a subset of another;

				find the union, intersection and difference of two given sets.

				
				Section 2: Functions
			

				determine the image of a given function;

				determine whether a given function is one-one and/or onto;

				find the inverse of a given one-one function;

				find the composite of two given functions.

				
				Section 3: The language of proof
			

				understand what is asserted by various types of mathematical statements, in particular implications and equivalences;

				produce simple proofs of various types, including direct proof, proof by induction, proof by contradiction and proof by contraposition;

				read and understand the logic of more complex proofs;

				disprove a simple false implication by providing a counter-example.

				
				Section 4: Two identities
			

				understand and use the Binomial Theorem;

				understand and use the Geometric Series Identity;

				understand and use the Polynomial Factorisation Theorem.	

		

	
		1 Sets

		In Section 1 we discuss the idea of a set and describe some ways to define sets. We illustrate our discussion with sets of numbers and with geometrical sets of points in the plane. We also explain how to check whether two given sets are equal and whether one set is a subset of another. Finally, we introduce the set operations of union, intersection and difference.

		Click 'View document' below to open Section 1 (16 pages, 389KB).
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		2 Functions

		In Section 2 we give the general definition of a function, and illustrate how functions can be used to describe a variety of mathematical concepts, such as transformations of the plane. We discuss the idea of composing two functions, and the idea of forming the inverse of a function.

		Click 'View document' below to open Section 2 (16 pages, 366KB).
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		3 The language of proof

		In Section 3 we examine the language used to express mathematical statements and proofs, and discuss various techniques for proving that a mathematical statement is true. These techniques include direct proof, proof by mathematical induction, proof by contradiction and proof by contraposition. We also illustrate the use of counter-examples to show that a statement is false.

		Click 'View document' below to open Section 3 (17 pages, 374KB).
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		4 Two identities

		Section 4 introduces some important mathematical theorems.

		Click 'View document' below to open Section 4 (7 pages, 237KB).
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		5 Solutions to the exercises

		Section 5 contains solutions to the exercises that appear throughout sections 1-4.

		Click 'View document' below to open the solutions (13 pages, 500KB).
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	OEBPS/js/jquery.tablesorter.js
/*
 * 
 * TableSorter 2.0 - Client-side table sorting with ease!
 * Version 2.0.3
 * @requires jQuery v1.2.3
 * 
 * Copyright (c) 2007 Christian Bach
 * Examples and docs at: http://tablesorter.com
 * Dual licensed under the MIT and GPL licenses:
 * http://www.opensource.org/licenses/mit-license.php
 * http://www.gnu.org/licenses/gpl.html
 * 
 */
/**
 *
 * @description Create a sortable table with multi-column sorting capabilitys
 * 
 * @example $('table').tablesorter();
 * @desc Create a simple tablesorter interface.
 *
 * @example $('table').tablesorter({ sortList:[[0,0],[1,0]] });
 * @desc Create a tablesorter interface and sort on the first and secound column in ascending order.
 * 
 * @example $('table').tablesorter({ headers: { 0: { sorter: false}, 1: {sorter: false} } });
 * @desc Create a tablesorter interface and disableing the first and secound column headers.
 * 
 * @example $('table').tablesorter({ 0: {sorter:"integer"}, 1: {sorter:"currency"} });
 * @desc Create a tablesorter interface and set a column parser for the first and secound column.
 * 
 * 
 * @param Object settings An object literal containing key/value pairs to provide optional settings.
 * 
 * @option String cssHeader (optional) 			A string of the class name to be appended to sortable tr elements in the thead of the table. 
 * 												Default value: "header"
 * 
 * @option String cssAsc (optional) 			A string of the class name to be appended to sortable tr elements in the thead on a ascending sort. 
 * 												Default value: "headerSortUp"
 * 
 * @option String cssDesc (optional) 			A string of the class name to be appended to sortable tr elements in the thead on a descending sort. 
 * 												Default value: "headerSortDown"
 * 
 * @option String sortInitialOrder (optional) 	A string of the inital sorting order can be asc or desc. 
 * 												Default value: "asc"
 * 
 * @option String sortMultisortKey (optional) 	A string of the multi-column sort key. 
 * 												Default value: "shiftKey"
 * 
 * @option String textExtraction (optional) 	A string of the text-extraction method to use. 
 * 												For complex html structures inside td cell set this option to "complex", 
 * 												on large tables the complex option can be slow. 
 * 												Default value: "simple"
 * 
 * @option Object headers (optional) 			An array containing the forces sorting rules. 
 * 												This option let's you specify a default sorting rule. 
 * 												Default value: null
 * 
 * @option Array sortList (optional) 			An array containing the forces sorting rules. 
 * 												This option let's you specify a default sorting rule. 
 * 												Default value: null
 * 
 * @option Array sortForce (optional) 			An array containing forced sorting rules. 
 * 												This option let's you specify a default sorting rule, which is prepended to user-selected rules.
 * 												Default value: null
 *  
  * @option Array sortAppend (optional) 			An array containing forced sorting rules. 
 * 												This option let's you specify a default sorting rule, which is appended to user-selected rules.
 * 												Default value: null
 * 
 * @option Boolean widthFixed (optional) 		Boolean flag indicating if tablesorter should apply fixed widths to the table columns.
 * 												This is usefull when using the pager companion plugin.
 * 												This options requires the dimension jquery plugin.
 * 												Default value: false
 *
 * @option Boolean cancelSelection (optional) 	Boolean flag indicating if tablesorter should cancel selection of the table headers text.
 * 												Default value: true
 *
 * @option Boolean debug (optional) 			Boolean flag indicating if tablesorter should display debuging information usefull for development.
 *
 * @type jQuery
 *
 * @name tablesorter
 * 
 * @cat Plugins/Tablesorter
 * 
 * @author Christian Bach/christian.bach@polyester.se
 */

(function($) {
	$.extend({
		tablesorter: new function() {
			
			var parsers = [], widgets = [];
			
			this.defaults = {
				cssHeader: "header",
				cssAsc: "headerSortUp",
				cssDesc: "headerSortDown",
				sortInitialOrder: "asc",
				sortMultiSortKey: "shiftKey",
				sortForce: null,
				sortAppend: null,
				textExtraction: "simple",
				parsers: {}, 
				widgets: [],		
				widgetZebra: {css: ["even","odd"]},
				headers: {},
				widthFixed: false,
				cancelSelection: true,
				sortList: [],
				headerList: [],
				dateFormat: "us",
				decimal: '.',
				debug: false
			};
			
			/* debuging utils */
			function benchmark(s,d) {
				log(s + "," + (new Date().getTime() - d.getTime()) + "ms");
			}
			
			this.benchmark = benchmark;
			
			function log(s) {
				if (typeof console != "undefined" && typeof console.debug != "undefined") {
					console.log(s);
				} else {
					alert(s);
				}
			}
						
			/* parsers utils */
			function buildParserCache(table,$headers) {
				
				if(table.config.debug) { var parsersDebug = ""; }
				
				var rows = table.tBodies[0].rows;
				
				if(table.tBodies[0].rows[0]) {

					var list = [], cells = rows[0].cells, l = cells.length;
					
					for (var i=0;i < l; i++) {
						var p = false;
						
						if($.metadata && ($($headers[i]).metadata() && $($headers[i]).metadata().sorter)  ) {
						
							p = getParserById($($headers[i]).metadata().sorter);	
						
						} else if((table.config.headers[i] && table.config.headers[i].sorter)) {
	
							p = getParserById(table.config.headers[i].sorter);
						}
						if(!p) {
							p = detectParserForColumn(table,cells[i]);
						}
	
						if(table.config.debug) { parsersDebug += "column:" + i + " parser:" +p.id + "\n"; }
	
						list.push(p);
					}
				}
				
				if(table.config.debug) { log(parsersDebug); }

				return list;
			};
			
			function detectParserForColumn(table,node) {
				var l = parsers.length;
				for(var i=1; i < l; i++) {
					if(parsers[i].is($.trim(getElementText(table.config,node)),table,node)) {
						return parsers[i];
					}
				}
				// 0 is always the generic parser (text)
				return parsers[0];
			}
			
			function getParserById(name) {
				var l = parsers.length;
				for(var i=0; i < l; i++) {
					if(parsers[i].id.toLowerCase() == name.toLowerCase()) {	
						return parsers[i];
					}
				}
				return false;
			}
			
			/* utils */
			function buildCache(table) {
				
				if(table.config.debug) { var cacheTime = new Date(); }
				
				
				var totalRows = (table.tBodies[0] && table.tBodies[0].rows.length) || 0,
					totalCells = (table.tBodies[0].rows[0] && table.tBodies[0].rows[0].cells.length) || 0,
					parsers = table.config.parsers, 
					cache = {row: [], normalized: []};
				
					for (var i=0;i < totalRows; ++i) {
					
						/** Add the table data to main data array */
						var c = table.tBodies[0].rows[i], cols = [];
					
						cache.row.push($(c));
						
						for(var j=0; j < totalCells; ++j) {
							cols.push(parsers[j].format(getElementText(table.config,c.cells[j]),table,c.cells[j]));	
						}
												
						cols.push(i); // add position for rowCache
						cache.normalized.push(cols);
						cols = null;
					};
				
				if(table.config.debug) { benchmark("Building cache for " + totalRows + " rows:", cacheTime); }
				
				return cache;
			};
			
			function getElementText(config,node) {
				
				if(!node) return "";
								
				var t = "";
				
				if(config.textExtraction == "simple") {
					if(node.childNodes[0] && node.childNodes[0].hasChildNodes()) {
						t = node.childNodes[0].innerHTML;
					} else {
						t = node.innerHTML;
					}
				} else {
					if(typeof(config.textExtraction) == "function") {
						t = config.textExtraction(node);
					} else { 
						t = $(node).text();
					}	
				}
				return t;
			}
			
			function appendToTable(table,cache) {
				
				if(table.config.debug) {var appendTime = new Date()}
				
				var c = cache, 
					r = c.row, 
					n= c.normalized, 
					totalRows = n.length, 
					checkCell = (n[0].length-1), 
					tableBody = $(table.tBodies[0]),
					rows = [];
				
				for (var i=0;i < totalRows; i++) {
					rows.push(r[n[i][checkCell]]);	
					if(!table.config.appender) {
						
						var o = r[n[i][checkCell]];
						var l = o.length;
						for(var j=0; j < l; j++) {
							
							tableBody[0].appendChild(o[j]);
						
						}
						
						//tableBody.append(r[n[i][checkCell]]);
					}
				}	
				
				if(table.config.appender) {
				
					table.config.appender(table,rows);	
				}
				
				rows = null;
				
				if(table.config.debug) { benchmark("Rebuilt table:", appendTime); }
								
				//apply table widgets
				applyWidget(table);
				
				// trigger sortend
				setTimeout(function() {
					$(table).trigger("sortEnd");	
				},0);
				
			};
			
			function buildHeaders(table) {
				
				if(table.config.debug) { var time = new Date(); }
				
				var meta = ($.metadata) ? true : false, tableHeadersRows = [];
			
				for(var i = 0; i < table.tHead.rows.length; i++) { tableHeadersRows[i]=0; };
				
				$tableHeaders = $("thead th",table);
		
				$tableHeaders.each(function(index) {
							
					this.count = 0;
					this.column = index;
					this.order = formatSortingOrder(table.config.sortInitialOrder);
					
					if(checkHeaderMetadata(this) || checkHeaderOptions(table,index)) this.sortDisabled = true;
					
					if(!this.sortDisabled) {
						$(this).addClass(table.config.cssHeader);
					}
					
					// add cell to headerList
					table.config.headerList[index]= this;
				});
				
				if(table.config.debug) { benchmark("Built headers:", time); log($tableHeaders); }
				
				return $tableHeaders;
				
			};
						
		   	function checkCellColSpan(table, rows, row) {
                var arr = [], r = table.tHead.rows, c = r[row].cells;
				
				for(var i=0; i < c.length; i++) {
					var cell = c[i];
					
					if ( cell.colSpan > 1) { 
						arr = arr.concat(checkCellColSpan(table, headerArr,row++));
					} else  {
						if(table.tHead.length == 1 || (cell.rowSpan > 1 || !r[row+1])) {
							arr.push(cell);
						}
						//headerArr[row] = (i+row);
					}
				}
				return arr;
			};
			
			function checkHeaderMetadata(cell) {
				if(($.metadata) && ($(cell).metadata().sorter === false)) { return true; };
				return false;
			}
			
			function checkHeaderOptions(table,i) {	
				if((table.config.headers[i]) && (table.config.headers[i].sorter === false)) { return true; };
				return false;
			}
			
			function applyWidget(table) {
				var c = table.config.widgets;
				var l = c.length;
				for(var i=0; i < l; i++) {
					
					getWidgetById(c[i]).format(table);
				}
				
			}
			
			function getWidgetById(name) {
				var l = widgets.length;
				for(var i=0; i < l; i++) {
					if(widgets[i].id.toLowerCase() == name.toLowerCase() ) {
						return widgets[i]; 
					}
				}
			};
			
			function formatSortingOrder(v) {
				
				if(typeof(v) != "Number") {
					i = (v.toLowerCase() == "desc") ? 1 : 0;
				} else {
					i = (v == (0 || 1)) ? v : 0;
				}
				return i;
			}
			
			function isValueInArray(v, a) {
				var l = a.length;
				for(var i=0; i < l; i++) {
					if(a[i][0] == v) {
						return true;	
					}
				}
				return false;
			}
				
			function setHeadersCss(table,$headers, list, css) {
				// remove all header information
				$headers.removeClass(css[0]).removeClass(css[1]);
				
				var h = [];
				$headers.each(function(offset) {
						if(!this.sortDisabled) {
							h[this.column] = $(this);					
						}
				});
				
				var l = list.length; 
				for(var i=0; i < l; i++) {
					h[list[i][0]].addClass(css[list[i][1]]);
				}
			}
			
			function fixColumnWidth(table,$headers) {
				var c = table.config;
				if(c.widthFixed) {
					var colgroup = $('<colgroup>');
					$("tr:first td",table.tBodies[0]).each(function() {
						colgroup.append($('<col>').css('width',$(this).width()));
					});
					$(table).prepend(colgroup);
				};
			}
			
			function updateHeaderSortCount(table,sortList) {
				var c = table.config, l = sortList.length;
				for(var i=0; i < l; i++) {
					var s = sortList[i], o = c.headerList[s[0]];
					o.count = s[1];
					o.count++;
				}
			}
			
			/* sorting methods */
			function multisort(table,sortList,cache) {
				
				if(table.config.debug) { var sortTime = new Date(); }
				
				var dynamicExp = "var sortWrapper = function(a,b) {", l = sortList.length;
					
				for(var i=0; i < l; i++) {
					
					var c = sortList[i][0];
					var order = sortList[i][1];
					var s = (getCachedSortType(table.config.parsers,c) == "text") ? ((order == 0) ? "sortText" : "sortTextDesc") : ((order == 0) ? "sortNumeric" : "sortNumericDesc");
					
					var e = "e" + i;
					
					dynamicExp += "var " + e + " = " + s + "(a[" + c + "],b[" + c + "]); ";
					dynamicExp += "if(" + e + ") { return " + e + "; } ";
					dynamicExp += "else { ";
				}
				
				// if value is the same keep orignal order	
				var orgOrderCol = cache.normalized[0].length - 1;
				dynamicExp += "return a[" + orgOrderCol + "]-b[" + orgOrderCol + "];";
						
				for(var i=0; i < l; i++) {
					dynamicExp += "}; ";
				}
				
				dynamicExp += "return 0; ";	
				dynamicExp += "}; ";	
				
				eval(dynamicExp);
				
				cache.normalized.sort(sortWrapper);
				
				if(table.config.debug) { benchmark("Sorting on " + sortList.toString() + " and dir " + order+ " time:", sortTime); }
				
				return cache;
			};
			
			function sortText(a,b) {
				return ((a < b) ? -1 : ((a > b) ? 1 : 0));
			};
			
			function sortTextDesc(a,b) {
				return ((b < a) ? -1 : ((b > a) ? 1 : 0));
			};	
			
	 		function sortNumeric(a,b) {
				return a-b;
			};
			
			function sortNumericDesc(a,b) {
				return b-a;
			};
			
			function getCachedSortType(parsers,i) {
				return parsers[i].type;
			};
			
			/* public methods */
			this.construct = function(settings) {

				return this.each(function() {
					
					if(!this.tHead || !this.tBodies) return;
					
					var $this, $document,$headers, cache, config, shiftDown = 0, sortOrder;
					
					this.config = {};
					
					config = $.extend(this.config, $.tablesorter.defaults, settings);
					
					// store common expression for speed					
					$this = $(this);
					
					// build headers
					$headers = buildHeaders(this);
					
					// try to auto detect column type, and store in tables config
					this.config.parsers = buildParserCache(this,$headers);
					
					
					// build the cache for the tbody cells
					cache = buildCache(this);
					
					// get the css class names, could be done else where.
					var sortCSS = [config.cssDesc,config.cssAsc];
					
					// fixate columns if the users supplies the fixedWidth option
					fixColumnWidth(this);
					
					// apply event handling to headers
					// this is to big, perhaps break it out?
					$headers.click(function(e) {
						
						$this.trigger("sortStart");
						
						var totalRows = ($this[0].tBodies[0] && $this[0].tBodies[0].rows.length) || 0;
						
						if(!this.sortDisabled && totalRows > 0) {
							
							
							// store exp, for speed
							var $cell = $(this);
	
							// get current column index
							var i = this.column;
							
							// get current column sort order
							this.order = this.count++ % 2;
							
							// user only whants to sort on one column
							if(!e[config.sortMultiSortKey]) {
								
								// flush the sort list
								config.sortList = [];
								
								if(config.sortForce != null) {
									var a = config.sortForce; 
									for(var j=0; j < a.length; j++) {
										if(a[j][0] != i) {
											config.sortList.push(a[j]);
										}
									}
								}
								
								// add column to sort list
								config.sortList.push([i,this.order]);
							
							// multi column sorting
							} else {
								// the user has clicked on an all ready sortet column.
								if(isValueInArray(i,config.sortList)) {	 
									
									// revers the sorting direction for all tables.
									for(var j=0; j < config.sortList.length; j++) {
										var s = config.sortList[j], o = config.headerList[s[0]];
										if(s[0] == i) {
											o.count = s[1];
											o.count++;
											s[1] = o.count % 2;
										}
									}	
								} else {
									// add column to sort list array
									config.sortList.push([i,this.order]);
								}
							};
							setTimeout(function() {
								//set css for headers
								setHeadersCss($this[0],$headers,config.sortList,sortCSS);
								appendToTable($this[0],multisort($this[0],config.sortList,cache));
							},1);
							// stop normal event by returning false
							return false;
						}
					// cancel selection	
					}).mousedown(function() {
						if(config.cancelSelection) {
							this.onselectstart = function() {return false};
							return false;
						}
					});
					
					// apply easy methods that trigger binded events
					$this.bind("update",function() {
						
						// rebuild parsers.
						this.config.parsers = buildParserCache(this,$headers);
						
						// rebuild the cache map
						cache = buildCache(this);
						
					}).bind("sorton",function(e,list) {
						
						$(this).trigger("sortStart");
						
						config.sortList = list;
						
						// update and store the sortlist
						var sortList = config.sortList;
						
						// update header count index
						updateHeaderSortCount(this,sortList);
						
						//set css for headers
						setHeadersCss(this,$headers,sortList,sortCSS);
						
						
						// sort the table and append it to the dom
						appendToTable(this,multisort(this,sortList,cache));

					}).bind("appendCache",function() {
						
						appendToTable(this,cache);
					
					}).bind("applyWidgetId",function(e,id) {
						
						getWidgetById(id).format(this);
						
					}).bind("applyWidgets",function() {
						// apply widgets
						applyWidget(this);
					});
					
					if($.metadata && ($(this).metadata() && $(this).metadata().sortlist)) {
						config.sortList = $(this).metadata().sortlist;
					}
					// if user has supplied a sort list to constructor.
					if(config.sortList.length > 0) {
						$this.trigger("sorton",[config.sortList]);	
					}
					
					// apply widgets
					applyWidget(this);
				});
			};
			
			this.addParser = function(parser) {
				var l = parsers.length, a = true;
				for(var i=0; i < l; i++) {
					if(parsers[i].id.toLowerCase() == parser.id.toLowerCase()) {
						a = false;
					}
				}
				if(a) { parsers.push(parser); };
			};
			
			this.addWidget = function(widget) {
				widgets.push(widget);
			};
			
			this.formatFloat = function(s) {
				var i = parseFloat(s);
				return (isNaN(i)) ? 0 : i;
			};
			this.formatInt = function(s) {
				var i = parseInt(s);
				return (isNaN(i)) ? 0 : i;
			};
			
			this.isDigit = function(s,config) {
				var DECIMAL = '\\' + config.decimal;
				var exp = '/(^[+]?0(' + DECIMAL +'0+)?$)|(^([-+]?[1-9][0-9]*)$)|(^([-+]?((0?|[1-9][0-9]*)' + DECIMAL +'(0*[1-9][0-9]*)))$)|(^[-+]?[1-9]+[0-9]*' + DECIMAL +'0+$)/';
				return RegExp(exp).test($.trim(s));
			};
			
			this.clearTableBody = function(table) {
				if($.browser.msie) {
					function empty() {
						while ( this.firstChild ) this.removeChild( this.firstChild );
					}
					empty.apply(table.tBodies[0]);
				} else {
					table.tBodies[0].innerHTML = "";
				}
			};
		}
	});
	
	// extend plugin scope
	$.fn.extend({
        tablesorter: $.tablesorter.construct
	});
	
	var ts = $.tablesorter;
	
	// add default parsers
	ts.addParser({
		id: "text",
		is: function(s) {
			return true;
		},
		format: function(s) {
			return $.trim(s.toLowerCase());
		},
		type: "text"
	});
	
	ts.addParser({
		id: "digit",
		is: function(s,table) {
			var c = table.config;
			return $.tablesorter.isDigit(s,c);
		},
		format: function(s) {
			return $.tablesorter.formatFloat(s);
		},
		type: "numeric"
	});
	
	ts.addParser({
		id: "currency",
		is: function(s) {
			return /^[Â£$â�¬?.]/.test(s);
		},
		format: function(s) {
			return $.tablesorter.formatFloat(s.replace(new RegExp(/[^0-9.]/g),""));
		},
		type: "numeric"
	});
	
	ts.addParser({
		id: "ipAddress",
		is: function(s) {
			return /^\d{2,3}[\.]\d{2,3}[\.]\d{2,3}[\.]\d{2,3}$/.test(s);
		},
		format: function(s) {
			var a = s.split("."), r = "", l = a.length;
			for(var i = 0; i < l; i++) {
				var item = a[i];
			   	if(item.length == 2) {
					r += "0" + item;
			   	} else {
					r += item;
			   	}
			}
			return $.tablesorter.formatFloat(r);
		},
		type: "numeric"
	});
	
	ts.addParser({
		id: "url",
		is: function(s) {
			return /^(https?|ftp|file):\/\/$/.test(s);
		},
		format: function(s) {
			return jQuery.trim(s.replace(new RegExp(/(https?|ftp|file):\/\//),''));
		},
		type: "text"
	});
	
	ts.addParser({
		id: "isoDate",
		is: function(s) {
			return /^\d{4}[\/-]\d{1,2}[\/-]\d{1,2}$/.test(s);
		},
		format: function(s) {
			return $.tablesorter.formatFloat((s != "") ? new Date(s.replace(new RegExp(/-/g),"/")).getTime() : "0");
		},
		type: "numeric"
	});
		
	ts.addParser({
		id: "percent",
		is: function(s) { 
			return /\%$/.test($.trim(s));
		},
		format: function(s) {
			return $.tablesorter.formatFloat(s.replace(new RegExp(/%/g),""));
		},
		type: "numeric"
	});

	ts.addParser({
		id: "usLongDate",
		is: function(s) {
			return s.match(new RegExp(/^[A-Za-z]{3,10}\.? [0-9]{1,2}, ([0-9]{4}|'?[0-9]{2}) (([0-2]?[0-9]:[0-5][0-9])|([0-1]?[0-9]:[0-5][0-9]\s(AM|PM)))$/));
		},
		format: function(s) {
			return $.tablesorter.formatFloat(new Date(s).getTime());
		},
		type: "numeric"
	});

	ts.addParser({
		id: "shortDate",
		is: function(s) {
			return /\d{1,2}[\/\-]\d{1,2}[\/\-]\d{2,4}/.test(s);
		},
		format: function(s,table) {
			var c = table.config;
			s = s.replace(/\-/g,"/");
			if(c.dateFormat == "us") {
				// reformat the string in ISO format
				s = s.replace(/(\d{1,2})[\/\-](\d{1,2})[\/\-](\d{4})/, "$3/$1/$2");
			} else if(c.dateFormat == "uk") {
				//reformat the string in ISO format
				s = s.replace(/(\d{1,2})[\/\-](\d{1,2})[\/\-](\d{4})/, "$3/$2/$1");
			} else if(c.dateFormat == "dd/mm/yy" || c.dateFormat == "dd-mm-yy") {
				s = s.replace(/(\d{1,2})[\/\-](\d{1,2})[\/\-](\d{2})/, "$1/$2/$3");	
			}
			return $.tablesorter.formatFloat(new Date(s).getTime());
		},
		type: "numeric"
	});

	ts.addParser({
	    id: "time",
	    is: function(s) {
	        return /^(([0-2]?[0-9]:[0-5][0-9])|([0-1]?[0-9]:[0-5][0-9]\s(am|pm)))$/.test(s);
	    },
	    format: function(s) {
	        return $.tablesorter.formatFloat(new Date("2000/01/01 " + s).getTime());
	    },
	  type: "numeric"
	});
	
	
	ts.addParser({
	    id: "metadata",
	    is: function(s) {
	        return false;
	    },
	    format: function(s,table,cell) {
			var c = table.config, p = (!c.parserMetadataName) ? 'sortValue' : c.parserMetadataName;
	        return $(cell).metadata()[p];
	    },
	  type: "numeric"
	});
	
	// add default widgets
	ts.addWidget({
		id: "zebra",
		format: function(table) {
			if(table.config.debug) { var time = new Date(); }
			$("tr:visible",table.tBodies[0])
	        .filter(':even')
	        .removeClass(table.config.widgetZebra.css[1]).addClass(table.config.widgetZebra.css[0])
	        .end().filter(':odd')
	        .removeClass(table.config.widgetZebra.css[0]).addClass(table.config.widgetZebra.css[1]);
			if(table.config.debug) { $.tablesorter.benchmark("Applying Zebra widget", time); }
		}
	});	
})(jQuery);
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Solutions to the exercises 


Solutions to the exercises 


1.1 (a) True: −2 is an integer. 


(b) False: 5 is a natural number. 


(c) False: 1.3 is the rational number 13 .10 


1(d) False: is not a natural number. 2 


(e) True: −π is  a real number.  
2 
1 ).(f ) True: 2 is a rational number ( 


1.2 (a) True: 1 is a member of the set given. 


(b) True: the set {−9} is a member of the set given. 


(c) False: the number 9 belongs to the set given, 
but the set {9} does not. 


(d) False: (0, 1) is not a member of the set given. 


(e) True: the set {0, 1} is a member of the set given. 


1.3 (a) {k ∈ Z : −2 < k  <  1000} 


(b) {x ∈ R : 2  ≤ x ≤ 7} 
2(c) {x ∈ Q : x >  0 and  x > 2} 


(d) {2n : n ∈ N} 


(e) {2k : k ∈ Z} 


1.4 (a) l = {(x, y) ∈ R2 : y = 2x + 5} 


(b) 


1.5 (a) C = {(x, y) ∈ R2 : (x − 1)2 + (y + 4)2 = 9} 


(b) 


1.6 (a) 


(b) 


(c) 


(d) 


1.7 (a) {(x, y) ∈ R2 : 0  ≤ x ≤ 2, 1 ≤ y ≤ 3} 


(b) {(x, y) ∈ R2 : x ≥ 0, y  = 2x2 + 1} 


1.8 (a) The set B consists of the solutions of the 
equation 


x 2 + x − 6 =  0, 
which we can write as 


(x − 2)(x + 3)  =  0. 
So B = {2,−3} = A. 


(b)	 A = {k ∈ Z : k is odd and 2 < k  <  10}
= {3, 5, 7, 9}, 


B = {n ∈ N : n is a prime number and n <  10}
= {2, 3, 5, 7}. 


Hence A � ∈ A, or  = B, either because 2 ∈ B but 2 /
because 9 ∈ A but 9 /∈ B. 


1.9 (a) We calculate x − 4y using the coordinates 
of each point of A: 


5 − 4 × 2 =  −3, 
1 − 4 × 1 =  −3, 
−3 − 4 × 0 =  −3. 


This shows that each element of A is an element of 
B, so  A ⊆ B. 
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(b) The set A is the interior of the unit circle, and 
B is the half-plane consisting of all points with 
negative y-coordinate. So A � B, because, for 


1 
2 ,example, the point ( 1 


2 A B.) belongs to but not to 


1.10 We showed that A ⊆ B in the solution to 
Exercise 1.9(a). Also, for example, the point (9, 3) 
lies in B, since  


9 − 4 × 3 =  −3, 
but does not lie in A. Therefore A is a proper subset 
of B. 


1.11 First we show that A ⊆ B.

Let (x, y) ∈ A; then  x = t2 and y = 2t, for some

t ∈ R. Hence y2 = 4t2 = 4x. So  (x, y) ∈ B, and  so 

A ⊆ B.

Next we show that B ⊆ A.

Let (x, y) ∈ B. We must show that (x, y) ∈ A. Let 



t = 12 y x; then  = 14 y
2 = 1


2 y 
)2 = t2, and  y = 2t. So  


(x, y) = (t2 , 2t) ∈ A, and  so  B ⊆ A.

Since A ⊆ B and B ⊆ A, it follows that A = B.



1.12 


k	 Subsets of {1, 2, 3, 4} of size k 


0 ∅

1 {1}, {2}, {3}, {4}

2 {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}

3 {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}

4 {1, 2, 3, 4}



The table shows that the set {1, 2, 3, 4} has 
1 + 4 + 6 + 4 + 1 = 16 subsets in all. 


10! 10 × 91.13 10 = = = 5  × 9 =  45,2 2! 8! 2 


10 10! 10 × 9 × 8 
= = = 10  × 3 × 4 = 120,3 3! 7! 3 × 2 


11 11! 11 × 10 × 9 
= = = 11  × 5 × 3 = 165. 3 3! 8! 3 × 2 


10 10 11Hence 2 + 3 = 3 . 


1.14 (a) n =
(n − 


n


k


!
)! k! 


and 
n − k 


n n! n n = 
k! (n − k)!


, so  = . 
k	 n − k k 


(b) We can interpret the identity as follows. 
n is the number of ways of choosing k elements 
k 


from n, which is the same as n , the  number  
n − k 


of ways of excluding k elements from n. 


60 


1.15 (a) (1, 7) ∪ [4, 11] = (1, 11]. 


(b)	 The domain of f is the set 


{x ∈ R : x 2 − 9 > 0} = {x ∈ R : x <  −3 or  x >  3}, 
that is, 


(−∞,−3) ∪ (3,∞). 


(c) 


1.16 (a) (1, 7) ∩ [4, 11] = [4, 7). 


(b) 


1.17 (a) (1, 7) − [4, 11] = (1, 4) and 
[4, 11] − (1, 7) = [7, 11]. 


(b) 


1.18 (a) False: 0 is not a natural number. 


(b) True: 0 is a rational number. 


(c) False: −0.6 is a real number. 


(d) True: 37 is an integer. 


(e) False: 20 is not a member of the set given. 


(f ) True: the set {1, 2} is the same as the set {2, 1}. 
(g) False: ∅ does not contain any elements. 


1.19 (a) The elements are 3, 4, 5, 6. Note that 2 
and 7 are not included. 


(b) The elements are −1,−4. These are the 
solutions of the equation. 


(c) The only element is 5. The equation has two 
solutions, −5 and 5, but only 5 ∈ N. 







Solutions to the exercises 


1.20 In each case, you may have found a different 
expression for the same set. 


(a) {k ∈ Z : −20 < k  <  −3} 


(b) {3k : k ∈ Z, k  �= 0} 


(c) {x ∈ R : x >  15} 


1.21 (a) 


(b) 


(b) 


The circle is not part of the set. 


(c) 


The edges of the square belong to the set. 


1.23 (a) (0, 0), (0, 6) and (−4, 6) all satisfy the 
equation (x + 2)2 + (y − 3)2 = 13, so A ⊆ B. 


(b) The point (1, 0) belongs to A but not to B, so  
A is not a subset of B. 


2 


+ 
y2x


(c) If x = 2  cos  t and y = 3  sin  t, then  = 1,  
4 9 


(c) so A ⊆ B. 


1.24 We must first show that A ⊆ B. Let  (x, y) be  
an arbitrary element of A; then  x2 + 4y2 < 1. Since 
x2 ≥ 0 for all x ∈ R, this implies that 4y2 < 1, and 


1hence y < 4 
2 1 . Hence y <  


To confirm that A is a proper subset of B, we must  
2 ) ∈ B.. Thus  (x, y


show that there is an element of B that does not lie 
in A. The point (1,−1), for example, lies in B, since  


1−1 < , but does not lie in A, since  2



12 + 4(−1)2 = 5,

which is not less than 1. Therefore A is a proper 
subset of B. 


1.22 (a) 


The line is not part of the set.



1.25 (a) 1, −1, 2 are the three solutions of 
x3 − 2x2 − x + 2  =  0,  so  A = B. 


(b) We showed in the solution to Exercise 1.23(c) 
that A ⊆ B. 


2 


+ 
y2x


If = 1,  then  (x/2, y/3) lies on the unit circle, 
4 9 


so we can find t ∈ [0, 2π] such that x/2 = cos  t and 
y/3 =  sin  t. Hence x = 2  cos  t and y = 3  sin  t, so  
B ⊆ A. 
Since A ⊆ B and B ⊆ A, it follows that A = B. 


(c)	 The set B contains some negative numbers 
for− p


(for example, 1) which cannot be expressed as 
q 


p, q ∈ N. Hence A �= B. 
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1.26 (a) A ∪ B = {0, 2, 4, 5, 6},

A ∩ B = {4},

A − B = {0, 2}.

(b) A ∪ B = (−5, 17],

A ∩ B = [2, 3],

A − B = (−5, 2).



(c) A ∪ B = B,

A ∩ B = A,

A − B = ∅.



2.1 (a) This is a translation of the plane that 
moves each point to the right by 2 units and up by 
3 units. 


(b) This is a reflection of the plane in the x-axis. 


(c) This is a rotation of the plane through π/2 
anticlockwise about the origin. 


2.2 Only diagram (b) corresponds to a function. 
Diagram (a) does not correspond to a function, as

there is no arrow from the element 3.

Diagram (c) does not correspond to a function, as

there are two arrows from the element 1. 


2.3	 The images of the elements of A are 
f(0) = 9, f(1) = 8, f(2) = 7, f(3) = 6, f(4) = 5, 
f(5) = 4, f(6) = 3, f(7) = 2, f(8) = 1, f(9) = 0. 


So the image of f is {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} = A. 


2.4 Only diagram (a) corresponds to an onto 
function.

Diagram (b) does not even correspond to a function,

as there is no arrow from the element 4.

Diagram (c) corresponds to a function that is not 
onto, as there is no arrow going to the element 1. 


2.5 (a) The sketch of the graph of f below 
suggests that f(R) = [1,∞). 


Let x ∈ R; then  f(x) = 1  +  x2. Since  x2 ≥ 0, we have

1 +  x2 ≥ 1 and  so  f(R) ⊆ [1,∞).

We must show that f(R) ⊇ [1,∞).

Let y ∈ [1,∞). We must show that there exists x ∈ R



2such that f(x) =  y; that is,  1  +  x = y. 


√
Now x = y − 1 is  real,  since  y ≥ 1, and satisfies √ 
f(x) =  y, as required. (Alternatively, x = − y − 1 is  
real and satisfies f(x) =  y.) 
Thus f(R) ⊇ [1,∞). 
Since f(R) ⊆ [1,∞) and  f(R) ⊇ [1,∞), it follows 
that f(R) = [1,∞), so the image of f is [1,∞), as 
expected. 
The interval [1,∞) is not the whole of the codomain 
R, so  f is not onto. 


(b) This function is a reflection of the plane in the 
x-axis. This suggests that f(R2) =  R2. We  know  


that f(R2) ⊆ R2, so we must show that f(R2) ⊇ R2 . 
Let (x , y′) ∈ R2 . We must show that there exists 
(x, y) ∈ R2 such that f(x, y) =  (x , y′); that is, 


x = x, y = −y. 


Rearranging these equations, we obtain 


x = x , y  = −y ′ . 
Let (x, y) = (x ,−y′); then (x, y) ∈ R2 and 
f(x, y) = (x , y′), as required. 
Thus f(R2) ⊇ R2 . 
Since f(R2) ⊆ R2 and f(R2) ⊇ R2, it follows that 
f(R2) =  R2, so the image of f is R2, as expected. 
The codomain of f is also R2, so  f is onto. 


2.6 Only diagram (c) corresponds to a one-one 
function. 
Diagram (a) corresponds to a function that is not 
one-one, as there are two arrows going to the 
element 3. 
Diagram (b) does not even correspond to a function, 
as there is no arrow from the element 2. 


2.7 (a) This function is not one-one since, for 
example, 


f(2) = f(−2)  = 1  +  4  = 5. 


(b) This function is a reflection of the plane in the 
x-axis, so we expect it to be one-one. We now prove 
this algebraically. 
Suppose that f(x1, y1) =  f(x2, y2); then 


(x1,−y1) = (x2,−y2). 
Thus 


x1 = x2 and −y1 = −y2. 


So 


y1 = y2. 


Hence (x1, y1) = (x2, y2), so f is one-one. 
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2.8 (a) In Exercise 2.7 we saw that f is not 
one-one, so f does not have an inverse function. 


(b) In Exercise 2.7 we saw that f is one-one, so f 
has an inverse function.

In Exercise 2.5 we saw that the image of f is R2 and,

for each (x , y′) ∈ R2, we have 


(x , y  ′) =  f(x , − y ′). 
So f−1 is the function 


f−1 : R2 −→ R2 


(x , y  ′) � −→ (x , − y ′). 
This can be expressed in terms of x and y as 


f−1 : R2 −→ R2 


(x, y) � −→ (x, − y). 
(In this case, f−1 is actually equal to f .) 


(c) This is a linear function, which suggests that it 
is one-one. First we confirm this algebraically. 
Suppose that f(x1) =  f(x2); then 


8x1 + 3  =  8x2 + 3, 
so 8x1 = 8x2, and hence x1 = x2. Thus  f is one-one, 
and so it has an inverse function. We now find the 
image of f . We suspect that its image is R, so  we  
now prove this algebraically. Let y be an arbitrary 
element in R. We must show that there exists an 
element x in the domain R such that 


f(x) =  y; that  is,  8x + 3  =  y. 


Rearranging this equation, we obtain 
y − 3 


x = .
8 


This is in R and satisfies f(x) =  y, as required. Thus 
the image of f is R. 
Hence f−1 is the function 


f−1 : R −→ R

y − 3



y � −→ 
8 


. 


This can be expressed in terms of x as 
f−1 : R −→ R



x − 3

x � −→ .


8 


2.9 (a) The function 


g : [0, ∞ ) −→ R



x �
−→ | x|
is a restriction of f that is one-one. 
(There are many other possibilities.) 


2.10 (a) The rule of g ◦ f is 
(g ◦ f)(x) =  g(f(x)) = g(− x)



= 3(− x) +  1 



= − 3x + 1.

Thus g ◦ f is the function 


g ◦ f : R −→ R 


x � −→ − 3x + 1. 


(b) The rule of  f ◦ g is 
(f ◦ g)(x) =  f(g(x)) = f(3x + 1) 



= − (3x + 1) 



= − 3x − 1.

Thus f ◦ g is the function 


f ◦ g : R −→ R 


x � −→ − 3x − 1. 


2.11	 The rule of f ◦ g is 
(f ◦ g)(x, y) =  f(g(x, y)) = f(− x, y) 


= (− x, − y). 
Thus f ◦ g is the function 


f ◦ g : R2 −→ R2



(x, y) �
−→ (− x, − y). 
(In this case, f ◦ g = g ◦ f .) 


2.12 The rule of g ◦ f is 
(g ◦ f)(x) =  g(f(x)) = g(3x + 1) 



3

= 


(3x + 1) +  2  
1 


= 
x + 1  


. 


The domain of g ◦ f is 
{ x ∈ [− 1, 1] : f(x) ∈ R − {  −  2}} . 


If x ∈ [− 1, 1], then f(x) ∈ R − {  −  2} unless 
f(x) =  − 2. Now f(x) =  − 2 when  


3x + 1  =  − 2, 
that is, when 


x = − 1. 
So the domain of g ◦ f is 


[− 1, 1] − {  −  1} = (− 1, 1]. 
Thus g ◦ f is the function 


g ◦ f : (− 1, 1] −→ R 
1 


x � −→ . 
x + 1  
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2.13 For each x ∈ R, we have Rearranging these equations, we obtain 


f(g(x)) = f(x − 3) x = y ′ and y = −x ′ . 
= (x − 3) + 3 So, for each (x′, y′) ∈ R2, we have 


= x; (x ′ , y  ′) =  f(y ′ ,−x ′), 
that is, f ◦ g = iR. thus f(R2) ⊇ R2 . 
For each x ∈ R, we have Since f(R2) ⊆ R2 and f(R2) ⊇ R2, it follows that 


g(f(x)) = g(x + 3)  f(R2) =  R2, so  f is onto. 


= (x + 3)  − 3 


= x; 
that is, g ◦ f = iR. 
Since g ◦ f = iR and f ◦ g = iR, it follows that g is 
the inverse function of f . 


2.14 (a) This function is a rotation of the plane 
through 3π/2 anticlockwise about the origin. 


(b) This function is a translation of  the plane that  
moves each point to the left by 2 units and up by 
1 unit. 


2.15 (a) 


(b) 


2.16 (a) This function is a rotation (see 
Exercise 1(c)) so we expect to find that f(R2) =  R2 . 
Let (x, y) ∈ R2; then  f(x, y) = (−y, x) ∈ R2, so  
f(R2) ⊆ R2 . 
We must now show that f(R2) ⊇ R2 . 


Let (x , y′) ∈ R2 . We must show that there exists 
(x, y) ∈ R2 such that f(x, y) = (x , y′), that is, 


x = −y and y = x. 


(b)



The graph above suggests that f(R) =  R. We  now 

prove this algebraically.

Let x ∈ R; then  7  − 3x ∈ R, so  f(R) ⊆ R.

Let y ∈ R; then we want to find x ∈ R such that

y = 7  − 3x. 


7 − y
This gives x = , which is in R, so  for  each  y ∈ R


3 
7 − y


we have y = f . So  f(R) ⊇ R.
3 


Since f(R) ⊆ R and f(R) ⊇ R, it follows that 
f(R) =  R, so  f is onto. 


(c) 


The graph above suggests that f(R) = [−1,∞). We 
now prove this algebraically. 
Let x ∈ R; then  


f(x) =  x 2 − 4x + 3  


= (x − 2)2 − 1 ≥ −1. 
So f(R) ⊆ [−1,∞).

Let y ∈ [−1,∞). We must show that there exists

x ∈ R such that f(x) =  y, that is, 



x 2 − 4x + 3  =  y. 


This means that 
(x − 2)2 = y + 1, √


and we can take x = 2  +  y + 1, which is in R since 
y + 1  ≥ 0. 
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√
So, for each y ∈ [− 1,∞ ), we have y = f(2 + y + 1).  (c) The graph in the solution to Exercise 2.16(c) 
Hence f(R) ⊇ [− 1,∞ ). suggests that f is not one-one. To show that this is 


Since f(R) ⊆ [− 1,∞ ) and  f(R) ⊇ [− 1,∞ ), it follows so, we find two points in the domain of f with the 


that f(R) = [− 1,∞ ). same image. For example, 


Since f(R) � = R, f is not onto. f(0) = f(4) = 3,

so f is not one-one.



(d) 
(d) The graph in the solution to Exercise 2.16(d) 
suggests that f is one-one. We prove this 
algebraically. 
Suppose that f(x1) =  f(x2); then 


2x1 + 3  =  2x2 + 3. 
Thus x1 = x2, so  f is one-one. 


2.18 (a) We have shown in Exercise 2.17(a) that f 
is one-one, so f has an inverse, and we have shown in 
the solution to Exercise 2.16(a) that 


(x , y  ′) =  f(y ,− x ′), 
so the inverse of f is the function 


The graph above suggests that f([0, 1]) = [3, 5]. We 
now prove this algebraically. 
Let x ∈ [0, 1]. Then 0 ≤ x ≤ 1, so 0 ≤ 2x ≤ 2, so 
3 ≤ 2x + 3  ≤ 5. Hence f(x) ∈ [3, 5]. Thus 
f([0, 1]) ⊆ [3, 5]. 
Let y ∈ [3, 5]; then we want to find x ∈ [0, 1] such 


y − 3
that y = 2x + 3. This gives x = . Now  


2 
y − 3


3 ≤ y ≤ 5, so 0 ≤ y − 3 ≤ 2, so 0 ≤ ≤ 1. Thus 
2 


y − 3 ∈ [0, 1], as required. So for each y ∈ [3, 5] we 


have y = f
y − 3 


, where  
y − 3 ∈ [0, 1]. So 


2 2 
f([0, 1]) ⊇ [3, 5].

Since f([0, 1]) ⊆ [3, 5] and f([0, 1]) ⊇ [3, 5], it follows

that f([0, 1]) = [3, 5]. So f is not onto.



2.17 (a) This function f is a rotation of the plane, 
so we expect f to be one-one. We now prove this 
algebraically. 
Suppose that f(x1, y1) =  f(x2, y2); then 


(− y1, x1) = (− y2, x2), 
so 


− y1 = − y2 and x1 = x2. 


Thus (x1, y1) = (x2, y2), so f is one-one. 


(b) The graph in the solution to Exercise 2.16(b) 
suggests that f is one-one. We prove this 
algebraically. 
Suppose that f(x1) =  f(x2); then 


7 − 3x1 = 7  − 3x2. 


Thus x1 = x2, so  f is one-one. 


f−1 : R2 −→ R2 


(x , y  ′) � −→ (y ,− x ′). 
This can be expressed in terms of x and y as 


f−1 : R2 −→ R2 


(x, y) � −→ (y,− x). 


(b) We have shown in the solutions to 
Exercises 2.16(b) and 2.17(b) that f is one-one and 
that 


7 − y 
y = f , for y ∈ R.


3 
Hence f has an inverse 


f−1 : R −→ R

7 − y



y � −→ .
3 


This can be expressed in terms of x as 
f−1 : R −→ R



7 − x

x � −→ .


3 
(c) We have shown in Exercise 2.17(c) that f is not 
one-one, so f does not have an inverse. 


(d) We have shown in the solutions to 
Exercises 2.16(d) and 2.17(d) that f is one-one and 
that the image of f is [3, 5]. We also showed that 


y − 3 
y = f , for y ∈ [3, 5].


2 
Hence f has an inverse 


f−1 : [3, 5] −→ [0, 1] 
y − 3 


y � −→ 
2 


. 


This can be expressed in terms of x as 
f−1 : [3, 5] −→ [0, 1]



x − 3

x � −→ .


2 
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2.19 (a) Since any number in the domain of g has 
an image under g which is in R, and hence in the 
domain of f , the domain of f ◦ g is the domain of g. 
Also, 


1 1
(f ◦ g)(x) =  f


x2 − 4 
= 7  − 3 


x2 − 4 
. 


Hence the composite is the function 


f ◦ g : R − {2, −2} −→  R 
3 


x �−→ 7 − 
x2 − 4 


. 


(b) Since any point in the domain of g has an image 
under g which is in R2, and hence in the domain of 
f , the domain of f ◦ g is the domain of g. 
Also, 


(f ◦ g)(x, y) =  f(y, x) = (−x, y). 
Hence the composite is the function 


f ◦ g : R2 −→ R2 


(x, y) �−→ (−x, y). 


33.1 (a) The negation can be expressed as ‘x = is5 
not a solution of the equation 3x + 5 = 0’. 


(b) The negation can be expressed as ‘π is greater 
than or equal to 5’. 


(c) The negation can be expressed as ‘there is no 
integer that is divisible by 3 but not by 6’, or, 
alternatively, ‘every integer that is divisible by 3 is 
also divisible by 6’. 


(d) The negation can be expressed as ‘there is a real 
number x that does not satisfy the inequality x2 ≥ 0’. 


(e) The negation can be expressed as ‘at least one 
of the integers m and n is even’. 


(f ) The negation can be expressed as ‘the integers 
m and n are both even’. 


3.2 (a) The statement can be rewritten as ‘if 
x2 − 2x + 1  =  0,  then  (x − 1)2 = 0’. This is true. 


(b) The statement can be rewritten as ‘if n is odd, 
then n3 is odd’. This is true. 


(c) The statement can be rewritten as ‘if a given 
integer is divisible by 3, then it is also divisible by 6’. 
This is false. 


(d) The statement can be rewritten as ‘if x >  2, 
then x >  4’. This is false. 


3.3 (a) The converse is ‘if m + n is even, then m 
and n are both odd’. The given statement is true, 
and its converse is false. 


(b) The converse is ‘if m + n is odd, then one of the 
pair m, n is even and the other is odd’. The given 
statement and its converse are both true. 


3.4 (a) The two implications are ‘if the product 
mn is odd, then both m and n are odd’, and ‘if both 
m and n are odd, then the product mn is odd’. Both 
implications are true, so the equivalence is true. 


(b) The two implications are ‘if the product mn is 
even, then both m and n are even’, and ‘if both m 
and n are even, then the product mn is even’. The 
first implication is false, and the second is true. The 
equivalence is false. 


3.5 (a) Suppose that n is an even integer. Then 
n = 2k, where  k ∈ Z, so  


n 2 = (2k)2 = 4k2 = 2(2k2). 
Hence n2 is even, as required. 


(b) Let m and n be multiples of k. Then  m = ka 
and n = kb, where  a and b are integers. Hence 


m + n = ka + kb = k(a + b). 
Since a + b is an integer, we deduce that m + n is a 
multiple of k, as required. 


(c) Suppose that one of the pair m, n is even and 
the other is odd. Then one of them is equal to 2k and 
the other to 2l + 1, for some integers k and l. Then  


m + n = 2k + (2l + 1)  =  2(k + l) +  1, 
which shows that m + n is odd. 


(d) Let n be a positive integer. We note that 


n 2 + n = n(n + 1). 
Either n or n + 1 must be even, so n2 + n is even, as 
required. 
(Alternatively, the implication can be proved by 
considering two separate cases: the case where n is 
even, and the case where n is odd. However the 
above proof is shorter and simpler.) 


3.6 (a) Taking m = 1  and  n = 3  provides  a  
counter-example, since then m + n = 4,  which  is  
even. 


(b) The number −3 is a counter-example, because 
−3 < 2 but ((−3)2 − 2)2 = (9  − 2)2 = 72 = 49, which 
is not less than 4. 


(c) We look for a counter-example. Here is a table 
for the first few values of n. 


n 1 2 3 


4n + 1  5 17 65  


Since 43 + 1 = 65 is not a prime number, it provides 
a counter-example, so this implication is false. 


3.7 (a) Let P (n) be the statement 
11 +  2  +  · · · + n = n(n + 1).2 


Then P (1) is true, since 1 = 1 
2 1(1 + 1). 


Let k ≥ 1, and assume that P (k) is  true:  


1 +  2  +  · · · + k = 1 k(k + 1).2 
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We wish to deduce that P (k + 1)  is  true:  


1 + 2 +  · · · + k + (k + 1)  =  1 
2 (k + 1)(k + 2). 


Now 


1 +  2 +  · · · + k + (k + 1) 



= 1 k(k + 1) +  (k + 1)  (by  P (k))
2



= (k + 1)(  1 k + 1) 
2

1
= 2 (k + 1)(k + 2). 


Thus, for k = 1, 2, . . ., 
P (k) ⇒ P (k + 1). 


Hence, by mathematical induction, P (n) is true for  
n = 1, 2, . . .. 


(b)	 Let P (n) be the statement 
313 + 23 + · · · + n = 1 n 2(n + 1)2 .4 


Then P (1) is true, since 


13 = 1  and  1 12(1 + 1)2 = 1.4 


Let k ≥ 1, and assume that P (k) is true:  


13 + 23 + · · · + k3 = 1 k2(k + 1)2 .4 


We wish to deduce that P (k + 1)  is  true:  
113 + 23 + · · · + k3 + (k + 1)3 = 4 (k + 1)2(k + 2)2 . 


Now 


13 + 23 + · · · + k3 + (k + 1)3 


= 1 k2(k + 1)2 + (k + 1)3 (by P (k))4



= (k + 1)2( 1 k2 + (k + 1)) 
4

1
= 4 (k + 1)2(k2 + 4k + 4) 

1
= 4 (k + 1)2(k + 2)2 . 


Thus, for k = 1, 2, . . ., 
P (k) ⇒ P (k + 1). 


Hence, by mathematical induction, P (n) is true for  
n = 1, 2, . . .. 


3.8 (a) Let P (n) be the statement ‘42n−3 + 1  is  a  
multiple of 5’. 
Then P (2) is true, because 42×2−3 + 1  =  41 + 1  =  5.  


Now let k ≥ 2, and assume that P (k) is true; that is, 


42k−3 + 1 is a multiple of 5. 


We wish to deduce that P (k + 1) is true; that is, 


42(k+1)−3 + 1  =  42k−1 + 1 is a multiple of 5. 


Now 


42k−1 + 1  =  4242k−3 + 1  


= 16  × 42k−3 + 1  


= 15  × 42k−3 + 42k−3 + 1. 
The first term here is a multiple of 5, and 42k−3 + 1  
is a multiple of 5, by P (k). Therefore 42k−1 + 1  is  a  
multiple of 5. Hence 


P (k) ⇒ P (k + 1), for k = 2, 3, . . . .  


Hence, by mathematical induction, P (n) is true,  for  
n = 2, 3, . . . .  


Solutions to the exercises 


(b)	 Let P (n) be the statement 5n < n!. 
Then P (12) is true, because 512 = 2.44 × 108 and 
12! = 4.79 × 108, both to three significant figures. 
Now let k ≥ 12, and assume that P (k) is true; that is, 


5k < k!. 
We wish to deduce that P (k + 1) is true; that is, 


5(k+1) < (k + 1)!. 
Now 


5k+1	 = 5  × 5k



< 5 × k! (by  P (k))

< (k + 1)k!

= (k + 1)!  ,



where we have used the fact that k ≥ 12, so 
k + 1  ≥ 13 > 5. Hence 


P (k) ⇒ P (k + 1), for k = 12, 13, . . . .  


Hence, by mathematical induction, P (n) is true, for 
n = 12, 13, . . . .  


3.9 (a) Suppose that there exist real numbers a 
and b with ab > 1 


2 (a
2 + b2). Then a2 − 2ab + b2 < 0; 


that is, (a − b)2 < 0. This is a contradiction, so our 
supposition must be false. Hence there are no such 
real numbers a and b. 


(b) Suppose that there exist integers m and n with 
5m + 15n = 357. The left-hand side of this equation 
is a multiple of 5, so the right-hand side is also. But 
this is a contradiction, so our supposition must be 
false. Hence there are no such integers m and n. 


3.10 Suppose that n = a + 2b, where  a and b are 
1positive real numbers. Suppose also that a <  2 n and 


b <  1 n. Then  4



n = a + 2b <  1 n + 2(  1 n) =  n.
2 4 


This contradiction shows that the supposition that 
a <  1 n and b <  1 n must be false; that is we must 2 4 
have a ≥ 1 n or b ≥ 1 n.2 4 


3.11 (a) We prove the contrapositive implication, 
which is 


3 n is odd ⇒ n is odd. 
Suppose that n is odd. Then n = 2k + 1 for some 
integer k. Then  


n 3 = (2k + 1)3



= (2k + 1)(4k2 + 4k + 1) 



= 8k3 + 12k2 + 6k + 1 



= 2(4k3 + 6k2 + 3k) + 1,

which is odd. 


67 







( ) 


( ) 


Unit I2 Mathematical language 


(b) We prove the contrapositive implication, which 
is ‘if at least one of m and n is even, then mn is 
even’. 
Suppose that at least one of m and n is even; 
without loss of generality, we can take it to be m 
(since otherwise we can just interchange m and n). 
Then m = 2k for some integer k. Hence mn = 2kn, 
which is even. 


(c) Let n be an integer which is greater than 1. We 
prove the contrapositive implication, which is ‘if n is 
not a prime number, then n is divisible by at least √
one of the primes less than or equal to n’. 
Suppose that n is not a prime number. Then n = ab 
for some integers a, b, where  1  < a,  b  < n. By  the  
result of Example 3.15, at least one of a and b is less √
than or equal to n. This number has a prime √
factor, which must also be less than or equal to n, 
and this prime factor must also be a factor of n. This  
proves the required contrapositive implication. 


3.12 (a), (b) and (c) all have the same meaning. 
(d) and (f) have the same meaning.

(You may like to show that (a) is true, and hence

that (b) and (c) are true; that (d) and (f) are true,

but (e) is false.)



3.13 132 = 169 and 172 = 289, so we need check 
only the primes 2, 3, 5, 7, 11, 13.

221 is divisible by 13 (221 = 13 × 17), so it is not

prime.

223 is not divisible by any of 2, 3, 5, 7, 11 and 13, so 
it is prime. 


3.14 (a) This statement is true. 
We have 


n 3 − n = n(n 2 − 1) = n(n − 1)(n + 1). 
Either n is even or n + 1 is even, so n3 − n is even. 


(b)	 This statement is false. 
For example, 6 + 4 is a multiple of 5, but 6 and 4 are 
not multiples of 5. 


(c) This statement is false. 
For example, if θ = π/2, then 


sin 2θ = sin  π = 0, 
but 


2 sin  θ = 2  sin(π/2) = 2. 


(d) This statement is false. 
For example, f (0) = f (2) = 1. 


(e)	 This statement is true. 
We show that f ◦ g is the identity on R − {0} and 
that g ◦ f is the identity on R − {1}. 


We have 
1 1


(f ◦ g)(x) =  f 1 +  = ( ) = x 
x 1


1 +  − 1 
x 


and 


f ◦ g : R − {0} −→  R − {0}. 
Also, 


1 1
(g ◦ f )(x) =  g = 1  +  


x − 1 1/(x − 1) 
= 1  +  x − 1 =  x 


and 


g ◦ f : R − {1} −→  R − {1}. 
Hence, from Strategy 2.1, g is the inverse of f . 


3.15 (a) The converse is as follows. 
If m − n is an even integer,

then m and n are both even integers.



(b) The original statement is true. 
Suppose that m and n are both even; then 


m = 2p, n = 2q, where p, q are integers. 
Then 


m − n = 2p − 2q 


= 2(p − q), 
which is even. 
The converse is false. 
For example, 


7 − 3 = 4  is  even,

but 7 and 3 are both odd.



3.16	 (a) Let P (n) be the statement 
1 1 1 n − 1 


+ + · · · + = .
1 × 2 2 × 3 (n − 1)n n 


Then P (2) is true, since 
1 1 2 − 1 


=	 = .
1 × 2 2 2 


Assume that P (k) is true:  
1 1 1 k − 1 


+ + · · · + = .
1 × 2 2 × 3 (k − 1)k k 


We wish to deduce that P (k + 1)  is  true:  
1 1 1 1 


+ + · · · + +
1 × 2 2 × 3 (k − 1)k k(k + 1)  


k 
= . 


k + 1  
Now 


1 1 1 1 
+ + · · · + +


1 × 2 2 × 3 (k − 1)k k(k + 1)  
k − 1 1 


= + (by P (k))
k k(k + 1)  


(k − 1)(k + 1) +  1  
= 


k(k + 1)  


k2 k 
= = . 


k(k + 1)  k + 1  
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Thus, for k = 2, 3, . . ., 
P (k) ⇒ P (k + 1). 


Hence, by mathematical induction, P (n) is true for  
n = 2, 3, . . .. 


(b)	 Let P (n) be the statement 


32n − 1 is divisible by 8. 
Then P (1) is true, since 


32 − 1 =  9  − 1 =  8, 
which is divisible by 8. 
Assume that P (k) is true:  


32k − 1 is divisible by 8. 
We wish to deduce that P (k + 1)  is  true:  


32(k+1) − 1 is divisible by 8. 
Now 


32(k+1) − 1 = 3232k − 1 


= 9  × 32k − 1 


= 8  × 32k + (32k − 1), 
which is also divisible by 8, since P (k) is true.  


Thus, for k = 1, 2, . . ., 
P (k) ⇒ P (k + 1). 


Hence, by mathematical induction, P (n) is true for  
n = 1, 2, . . .. 


3.17 Suppose that the given statement is false; that 
is, there are real numbers a and b for which 


(a + b)2 < 4ab. 


Then 


a 2 + 2ab + b2 < 4ab, 


so 


a 2 − 2ab + b2 < 0, 
so 


(a − b)2 < 0. 
But (a − b)2 is a square, so cannot be negative. This 
is a contradiction, so the given statement must be 
true. 
Hence 


(a + b)2 ≥ 4ab for all real numbers a and b. 


3.18	 (a) The contrapositive is as follows. 
If n is not divisible by 3, 


2then n is not divisible by 3. 


(b) Suppose that n is not divisible by 3. Then 


n = 3k + 1  or  n = 3k + 2, 
for some integer k. 
If n = 3k + 1,  then  


n 2 = 9k2 + 6k + 1  


= 3k(3k + 2) +  1, 
which is not divisible by 3. 


Solutions to the exercises 


If n = 3k + 2,  then  


n 2 = 9k2 + 12k + 4  


= 3(3k2 + 4k + 1)  +  1, 
which is not divisible by 3. 
Hence the contrapositive is true. 
Hence the original statement is true. 


3.19 (a) This statement is false.

For example, −4 < 3, but (−4)2 ≮ 32 .



(b) This statement is false.

For example, if x = 1,  then  x2 − x = 0, not 2.



(c) This statement is true.

One value of x satisfying x2 − x = 2  is  x = 2. 



(d)	 This statement is false. 


x 2 − x = −1 ⇔ x 2 − x + 1  =  0  


⇔ 
( 
x − 1 


)2 + 3 = 0,2 4 


which is not possible for any real x. 


(e) This statement is false. 
For example, if x = y = 1,  then  x/y and y/x are both

the integer 1.



(f ) This statement is true.

We prove it by mathematical induction.

Let P (n) be the statement



212 + 22 + · · · + n = 1 n(n + 1)(2n + 1).6 


Then P (1) is true, since 
2 × 31 × 1 × (1 + 1)(2 + 1) = = 1 =  12 .6 6 


Assume that P (k) is  true:  
112 + 22 + · · · + k2 = k(k + 1)(2k + 1).6 


We wish to deduce that P (k + 1)  is  true:  


12 + 22 + · · · + (k + 1)2



1
= 6 (k + 1)(k + 2)(2k + 3). 


Now, 
12 + 22 + · · · + k2 + (k + 1)2 


= 1 k(k + 1)(2k + 1) +  (k + 1)2 (by P (k))6

1
= 6 (k + 1)(k(2k + 1) + 6(k + 1)) 

1
= 6 (k + 1)(2k2 + 7k + 6) 

1
= 6 (k + 1)(k + 2)(2k + 3). 


Hence 


P (k) ⇒ P (k + 1), for k ≥ 1. 
Hence, by mathematical induction, P (n) is  true for  
n = 1, 2, . . . .  
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(g) Let P (n) be the statement 4.3 (a) For n = 5, the Geometric Series Identity is 
1 1 1 1 a 5 − b5 = (a − b)(a 4 + a 3b + a 2b2 + ab3 + b4).1 − 1 − · · ·  1 − = .
2 3 n 2n (b) If n is an odd positive integer, then 


Then P (2) is false,  since  (−b)n = (−1)nbn = −bn , 
1 − 1 �= 1 .2 4 so 


Hence the statement is false. a n − (−b)n = a n + bn . 
(In fact, as you can check, By Theorem 4.2, 


P (k) is true  ⇒ P (k + 1) is true, for k ≥ 2; a n − (−b)n = (a − (−b))(a n−1 + a n−2(−b) +  · · ·  
that is, step 2 of a proof by mathematical induction + a(−b)n−2 + (−b)n−1),
works, even though step 1 does not. 


so, since n − 1 is  even and  n − 2 is odd, 
The correct expression for the product is 1/n.) 


a n + bn = (a + b)(a n−1 − a n−2b + · · ·  


4.1 (a) By Theorem 4.1, the coefficient of a5b4 in 
− abn−2 + bn−1), 


(a + b)9 is as required. 


9 9! 9 × 8 × 7 × 6 For n = 5, we have 
= = = 126.4 4! 5! 4 × 3 × 2 × 1 a 5 + b5 = (a + b)(a 4 − a 3b + a 2b2 − ab3 + b4). 


(b) By Theorem 4.1, the term involving x4 in 4.4 Using the corollary to Theorem 4.2, with a = 1  
(1 + 2x)5 is and r = 1 , we obtain ( ) 2 


1 1 15 11 × (2x)4 = 
5! × 24 x 4 


4 4! 1! 1 + + + · · · +
2n−12 4 


= (5  × 16)x 4 
+ · · · + 


( 
1 
)n−1= 1  +  1 + 


( 
1 
)2 


2 2 24= 80x , (
2 )


n )1 − ( 1 


so the required coefficient is 80. = 1  
1 − 1 


2 


4.2 (a) By Theorem 4.1, with b replaced by −b, 1
= 2  1 −



(a − b)n 2n



1
= (a + (−b))n = 2  − 
2n−1 


. 
n n = 0 


a n + 1 
a n−1(−b) +  · · ·  4.5 By the Polynomial Factorisation Theorem, x + 3  ( ) ( ) is a factor of p(x) if and only if p(−3) = 0, that is, 


n+ a n−k (−b)k + · · · + 
n (−b)n 


0 = (−3)3 + c(−3)2 + 6(−3) + 36 k n ( ) ( ) = −27 + 9c − 18 + 36 n n = a n − a n−1b + · · ·  = 9c − 9.0 1 
This equation has just one solution, c = 1,  so  x + 3  is  n
+ (−1)k n


a n−kbk + · · · + (−1)n bn . a factor  of  p(x) if and only if c = 1. 
k n 


(b) If a = 1  and  b = 1,  then  a − b = 0, so we obtain 4.6 (a) (i) Since all the roots are integers, the 
only possible roots are the factors of 4, that is, n


0 =  
n − + · · · + (−1)k n 


+ · · ·  ±1, ±2, ±4. Considering these in turn, we obtain the 0 1 k
( ) following table.

+ (−1)n n


. x 1 −1 2  −2 4 −4n 


For n = 4, this identity is p(x) 2 0 0 −16 20 −108 
4 4 4 4 + 


4 So the only solutions are x = −1 and  x = 2.  In  fact,  0 =  0 
− 1 + 2 


− 3 4 
x 3 − 3x 2 + 4  =  (x + 1)(x − 2)(x − 2).


= 1  − 4 + 6  − 4 + 1  


= 0, (ii) Since all the roots are integers, the only possible 
roots are the factors of −15, that is, ±1, ±3, ±5, ±15. 


as expected. Considering these in turn, we obtain the following 
table. 


x 1 −1 3  −3 5 · · ·  


p(x) 0 −48 0 −192 0 · · ·  
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Solutions to the exercises 


We do not need to work out any more values, as we 4.10 (a) Putting x = 2, we obtain 
already have three roots: x = 1,  x = 3  and  x = 5.  So  16 + 4 − 26 + 6 = 0, so x − 2 is a factor. Hence 


x 3 − 9x 2 + 23x − 15 = (x − 1)(x − 3)(x − 5). 2x 3 + x 2 − 13x + 6  =  (x − 2)(2x 2 + 5x − 3) 


(b)	 A suitable equation is = (x − 2)(x + 3)(2x − 1). 


(x − 1)(x − 2)(x − 3)(x + 3)  =  0, (b) Trying integer values which are factors of 10, we 
that is, find that x = 1 is a root, so x − 1 is a factor. Hence 


x 4 − 3x 3 − 7x 2 + 27x − 18 = 0. x 3 + 6x 2 + 3x − 10 = (x − 1)(x 2 + 7x + 10)

= (x − 1)(x + 2)(x + 5),



4.7 (a) (a + 3b)4 
so the solutions of x3 + 6x2 + 3x − 10 = 0 are 1, −2 


4 4 4 = 0 
a 4 + 1 


a 3(3b) +  2 
a 2(3b)2 and −5. 


( ) ( ) (c) x 2 + x = y 2 + y ⇔ x 2 − y 2 + x − y = 0. 
4 4+ 3 


a(3b)3 + 4 (3b)4 


= a 4 + 4a 33b + 6a 29b2 + 4a27b3 + 81b4



= a 4 + 12a 3b + 54a 2b2 + 108ab3 + 81b4



We note that x = y is a solution, so x − y is a factor. 
Hence 


x 2 − y 2 + x − y = (x − y)(x + y + 1), 
so x = y or x = −y − 1. 


(b)	 (1 − t)7 ( 
7 


) ( ) ( ) 4.11 (a) If the sum of the roots is 0 and the 7 7 = 0 + (−t) +  (−t)2	 product is −30, then the cubic polynomial must be of 1 2 ( ) ( ) ( ) the form 
7 (−t)3 + 7 (−t)4 + 7+	 3 4 5 (−t)5 x 3 + cx + 30, for some c ∈ R.



( ) ( ) If x = 3 is a root, then

7 (−t)6 + 7+ 6 7 (−t)7	 27 + 3c + 30  =  0, 


= 1  − 7t + 21t2 − 35t3 + 35t4 − 21t5 + 7t6 − t7	 so c = −19.

Hence the polynomial is x3 − 19x + 30.



4.8 (a) The coefficient of a3b7 is	 (b) We know that x − 3 is a factor. Hence 
10 =


10 × 9 × 8 
= 120.	 x 3 − 19x + 30  =  (x − 3)(x 2 + 3x − 10)


7 3 × 2 = (x − 3)(x − 2)(x + 5),

13 is
(b) The coefficient of x so the other two roots are 2 and −5. 


15 22 15 × 14 
= × 4 = 420.13 2 


4.9 (a) This is a geometric series with a = 3,  


r = − 1 and n = 12 terms, so its sum is 3 


3	 ) = 3  × 33
(1 − ( 


− 1 
)12) 


4 (1 − 
( 


1 
)12)31 − − 1 


3



9
= 4 (1 − 
( 


1 
)12)3 


� 2.25. 


(b) This is a geometric series with first term 1, 
a


common ratio r = = 1  and  n + 1 terms, so its 
b 


sum is ( a )n+1 
1 − ( a )n+1



b ( ) = 
b 


1 −
 .a
1 − b − a b



b



71 











OEBPS/js/jquery-latest.js
/*!
 * jQuery JavaScript Library v1.4.2
 * http://jquery.com/
 *
 * Copyright 2010, John Resig
 * Dual licensed under the MIT or GPL Version 2 licenses.
 * http://jquery.org/license
 *
 * Includes Sizzle.js
 * http://sizzlejs.com/
 * Copyright 2010, The Dojo Foundation
 * Released under the MIT, BSD, and GPL Licenses.
 *
 * Date: Sat Feb 13 22:33:48 2010 -0500
 */
(function( window, undefined ) {

// Define a local copy of jQuery
var jQuery = function( selector, context ) {
		// The jQuery object is actually just the init constructor 'enhanced'
		return new jQuery.fn.init( selector, context );
	},

	// Map over jQuery in case of overwrite
	_jQuery = window.jQuery,

	// Map over the $ in case of overwrite
	_$ = window.$,

	// Use the correct document accordingly with window argument (sandbox)
	document = window.document,

	// A central reference to the root jQuery(document)
	rootjQuery,

	// A simple way to check for HTML strings or ID strings
	// (both of which we optimize for)
	quickExpr = /^[^<]*(<[\w\W]+>)[^>]*$|^#([\w-]+)$/,

	// Is it a simple selector
	isSimple = /^.[^:#\[\.,]*$/,

	// Check if a string has a non-whitespace character in it
	rnotwhite = /\S/,

	// Used for trimming whitespace
	rtrim = /^(\s|\u00A0)+|(\s|\u00A0)+$/g,

	// Match a standalone tag
	rsingleTag = /^<(\w+)\s*\/?>(?:<\/\1>)?$/,

	// Keep a UserAgent string for use with jQuery.browser
	userAgent = navigator.userAgent,

	// For matching the engine and version of the browser
	browserMatch,
	
	// Has the ready events already been bound?
	readyBound = false,
	
	// The functions to execute on DOM ready
	readyList = [],

	// The ready event handler
	DOMContentLoaded,

	// Save a reference to some core methods
	toString = Object.prototype.toString,
	hasOwnProperty = Object.prototype.hasOwnProperty,
	push = Array.prototype.push,
	slice = Array.prototype.slice,
	indexOf = Array.prototype.indexOf;

jQuery.fn = jQuery.prototype = {
	init: function( selector, context ) {
		var match, elem, ret, doc;

		// Handle $(""), $(null), or $(undefined)
		if ( !selector ) {
			return this;
		}

		// Handle $(DOMElement)
		if ( selector.nodeType ) {
			this.context = this[0] = selector;
			this.length = 1;
			return this;
		}
		
		// The body element only exists once, optimize finding it
		if ( selector === "body" && !context ) {
			this.context = document;
			this[0] = document.body;
			this.selector = "body";
			this.length = 1;
			return this;
		}

		// Handle HTML strings
		if ( typeof selector === "string" ) {
			// Are we dealing with HTML string or an ID?
			match = quickExpr.exec( selector );

			// Verify a match, and that no context was specified for #id
			if ( match && (match[1] || !context) ) {

				// HANDLE: $(html) -> $(array)
				if ( match[1] ) {
					doc = (context ? context.ownerDocument || context : document);

					// If a single string is passed in and it's a single tag
					// just do a createElement and skip the rest
					ret = rsingleTag.exec( selector );

					if ( ret ) {
						if ( jQuery.isPlainObject( context ) ) {
							selector = [ document.createElement( ret[1] ) ];
							jQuery.fn.attr.call( selector, context, true );

						} else {
							selector = [ doc.createElement( ret[1] ) ];
						}

					} else {
						ret = buildFragment( [ match[1] ], [ doc ] );
						selector = (ret.cacheable ? ret.fragment.cloneNode(true) : ret.fragment).childNodes;
					}
					
					return jQuery.merge( this, selector );
					
				// HANDLE: $("#id")
				} else {
					elem = document.getElementById( match[2] );

					if ( elem ) {
						// Handle the case where IE and Opera return items
						// by name instead of ID
						if ( elem.id !== match[2] ) {
							return rootjQuery.find( selector );
						}

						// Otherwise, we inject the element directly into the jQuery object
						this.length = 1;
						this[0] = elem;
					}

					this.context = document;
					this.selector = selector;
					return this;
				}

			// HANDLE: $("TAG")
			} else if ( !context && /^\w+$/.test( selector ) ) {
				this.selector = selector;
				this.context = document;
				selector = document.getElementsByTagName( selector );
				return jQuery.merge( this, selector );

			// HANDLE: $(expr, $(...))
			} else if ( !context || context.jquery ) {
				return (context || rootjQuery).find( selector );

			// HANDLE: $(expr, context)
			// (which is just equivalent to: $(context).find(expr)
			} else {
				return jQuery( context ).find( selector );
			}

		// HANDLE: $(function)
		// Shortcut for document ready
		} else if ( jQuery.isFunction( selector ) ) {
			return rootjQuery.ready( selector );
		}

		if (selector.selector !== undefined) {
			this.selector = selector.selector;
			this.context = selector.context;
		}

		return jQuery.makeArray( selector, this );
	},

	// Start with an empty selector
	selector: "",

	// The current version of jQuery being used
	jquery: "1.4.2",

	// The default length of a jQuery object is 0
	length: 0,

	// The number of elements contained in the matched element set
	size: function() {
		return this.length;
	},

	toArray: function() {
		return slice.call( this, 0 );
	},

	// Get the Nth element in the matched element set OR
	// Get the whole matched element set as a clean array
	get: function( num ) {
		return num == null ?

			// Return a 'clean' array
			this.toArray() :

			// Return just the object
			( num < 0 ? this.slice(num)[ 0 ] : this[ num ] );
	},

	// Take an array of elements and push it onto the stack
	// (returning the new matched element set)
	pushStack: function( elems, name, selector ) {
		// Build a new jQuery matched element set
		var ret = jQuery();

		if ( jQuery.isArray( elems ) ) {
			push.apply( ret, elems );
		
		} else {
			jQuery.merge( ret, elems );
		}

		// Add the old object onto the stack (as a reference)
		ret.prevObject = this;

		ret.context = this.context;

		if ( name === "find" ) {
			ret.selector = this.selector + (this.selector ? " " : "") + selector;
		} else if ( name ) {
			ret.selector = this.selector + "." + name + "(" + selector + ")";
		}

		// Return the newly-formed element set
		return ret;
	},

	// Execute a callback for every element in the matched set.
	// (You can seed the arguments with an array of args, but this is
	// only used internally.)
	each: function( callback, args ) {
		return jQuery.each( this, callback, args );
	},
	
	ready: function( fn ) {
		// Attach the listeners
		jQuery.bindReady();

		// If the DOM is already ready
		if ( jQuery.isReady ) {
			// Execute the function immediately
			fn.call( document, jQuery );

		// Otherwise, remember the function for later
		} else if ( readyList ) {
			// Add the function to the wait list
			readyList.push( fn );
		}

		return this;
	},
	
	eq: function( i ) {
		return i === -1 ?
			this.slice( i ) :
			this.slice( i, +i + 1 );
	},

	first: function() {
		return this.eq( 0 );
	},

	last: function() {
		return this.eq( -1 );
	},

	slice: function() {
		return this.pushStack( slice.apply( this, arguments ),
			"slice", slice.call(arguments).join(",") );
	},

	map: function( callback ) {
		return this.pushStack( jQuery.map(this, function( elem, i ) {
			return callback.call( elem, i, elem );
		}));
	},
	
	end: function() {
		return this.prevObject || jQuery(null);
	},

	// For internal use only.
	// Behaves like an Array's method, not like a jQuery method.
	push: push,
	sort: [].sort,
	splice: [].splice
};

// Give the init function the jQuery prototype for later instantiation
jQuery.fn.init.prototype = jQuery.fn;

jQuery.extend = jQuery.fn.extend = function() {
	// copy reference to target object
	var target = arguments[0] || {}, i = 1, length = arguments.length, deep = false, options, name, src, copy;

	// Handle a deep copy situation
	if ( typeof target === "boolean" ) {
		deep = target;
		target = arguments[1] || {};
		// skip the boolean and the target
		i = 2;
	}

	// Handle case when target is a string or something (possible in deep copy)
	if ( typeof target !== "object" && !jQuery.isFunction(target) ) {
		target = {};
	}

	// extend jQuery itself if only one argument is passed
	if ( length === i ) {
		target = this;
		--i;
	}

	for ( ; i < length; i++ ) {
		// Only deal with non-null/undefined values
		if ( (options = arguments[ i ]) != null ) {
			// Extend the base object
			for ( name in options ) {
				src = target[ name ];
				copy = options[ name ];

				// Prevent never-ending loop
				if ( target === copy ) {
					continue;
				}

				// Recurse if we're merging object literal values or arrays
				if ( deep && copy && ( jQuery.isPlainObject(copy) || jQuery.isArray(copy) ) ) {
					var clone = src && ( jQuery.isPlainObject(src) || jQuery.isArray(src) ) ? src
						: jQuery.isArray(copy) ? [] : {};

					// Never move original objects, clone them
					target[ name ] = jQuery.extend( deep, clone, copy );

				// Don't bring in undefined values
				} else if ( copy !== undefined ) {
					target[ name ] = copy;
				}
			}
		}
	}

	// Return the modified object
	return target;
};

jQuery.extend({
	noConflict: function( deep ) {
		window.$ = _$;

		if ( deep ) {
			window.jQuery = _jQuery;
		}

		return jQuery;
	},
	
	// Is the DOM ready to be used? Set to true once it occurs.
	isReady: false,
	
	// Handle when the DOM is ready
	ready: function() {
		// Make sure that the DOM is not already loaded
		if ( !jQuery.isReady ) {
			// Make sure body exists, at least, in case IE gets a little overzealous (ticket #5443).
			if ( !document.body ) {
				return setTimeout( jQuery.ready, 13 );
			}

			// Remember that the DOM is ready
			jQuery.isReady = true;

			// If there are functions bound, to execute
			if ( readyList ) {
				// Execute all of them
				var fn, i = 0;
				while ( (fn = readyList[ i++ ]) ) {
					fn.call( document, jQuery );
				}

				// Reset the list of functions
				readyList = null;
			}

			// Trigger any bound ready events
			if ( jQuery.fn.triggerHandler ) {
				jQuery( document ).triggerHandler( "ready" );
			}
		}
	},
	
	bindReady: function() {
		if ( readyBound ) {
			return;
		}

		readyBound = true;

		// Catch cases where $(document).ready() is called after the
		// browser event has already occurred.
		if ( document.readyState === "complete" ) {
			return jQuery.ready();
		}

		// Mozilla, Opera and webkit nightlies currently support this event
		if ( document.addEventListener ) {
			// Use the handy event callback
			document.addEventListener( "DOMContentLoaded", DOMContentLoaded, false );
			
			// A fallback to window.onload, that will always work
			window.addEventListener( "load", jQuery.ready, false );

		// If IE event model is used
		} else if ( document.attachEvent ) {
			// ensure firing before onload,
			// maybe late but safe also for iframes
			document.attachEvent("onreadystatechange", DOMContentLoaded);
			
			// A fallback to window.onload, that will always work
			window.attachEvent( "onload", jQuery.ready );

			// If IE and not a frame
			// continually check to see if the document is ready
			var toplevel = false;

			try {
				toplevel = window.frameElement == null;
			} catch(e) {}

			if ( document.documentElement.doScroll && toplevel ) {
				doScrollCheck();
			}
		}
	},

	// See test/unit/core.js for details concerning isFunction.
	// Since version 1.3, DOM methods and functions like alert
	// aren't supported. They return false on IE (#2968).
	isFunction: function( obj ) {
		return toString.call(obj) === "[object Function]";
	},

	isArray: function( obj ) {
		return toString.call(obj) === "[object Array]";
	},

	isPlainObject: function( obj ) {
		// Must be an Object.
		// Because of IE, we also have to check the presence of the constructor property.
		// Make sure that DOM nodes and window objects don't pass through, as well
		if ( !obj || toString.call(obj) !== "[object Object]" || obj.nodeType || obj.setInterval ) {
			return false;
		}
		
		// Not own constructor property must be Object
		if ( obj.constructor
			&& !hasOwnProperty.call(obj, "constructor")
			&& !hasOwnProperty.call(obj.constructor.prototype, "isPrototypeOf") ) {
			return false;
		}
		
		// Own properties are enumerated firstly, so to speed up,
		// if last one is own, then all properties are own.
	
		var key;
		for ( key in obj ) {}
		
		return key === undefined || hasOwnProperty.call( obj, key );
	},

	isEmptyObject: function( obj ) {
		for ( var name in obj ) {
			return false;
		}
		return true;
	},
	
	error: function( msg ) {
		throw msg;
	},
	
	parseJSON: function( data ) {
		if ( typeof data !== "string" || !data ) {
			return null;
		}

		// Make sure leading/trailing whitespace is removed (IE can't handle it)
		data = jQuery.trim( data );
		
		// Make sure the incoming data is actual JSON
		// Logic borrowed from http://json.org/json2.js
		if ( /^[\],:{}\s]*$/.test(data.replace(/\\(?:["\\\/bfnrt]|u[0-9a-fA-F]{4})/g, "@")
			.replace(/"[^"\\\n\r]*"|true|false|null|-?\d+(?:\.\d*)?(?:[eE][+\-]?\d+)?/g, "]")
			.replace(/(?:^|:|,)(?:\s*\[)+/g, "")) ) {

			// Try to use the native JSON parser first
			return window.JSON && window.JSON.parse ?
				window.JSON.parse( data ) :
				(new Function("return " + data))();

		} else {
			jQuery.error( "Invalid JSON: " + data );
		}
	},

	noop: function() {},

	// Evalulates a script in a global context
	globalEval: function( data ) {
		if ( data && rnotwhite.test(data) ) {
			// Inspired by code by Andrea Giammarchi
			// http://webreflection.blogspot.com/2007/08/global-scope-evaluation-and-dom.html
			var head = document.getElementsByTagName("head")[0] || document.documentElement,
				script = document.createElement("script");

			script.type = "text/javascript";

			if ( jQuery.support.scriptEval ) {
				script.appendChild( document.createTextNode( data ) );
			} else {
				script.text = data;
			}

			// Use insertBefore instead of appendChild to circumvent an IE6 bug.
			// This arises when a base node is used (#2709).
			head.insertBefore( script, head.firstChild );
			head.removeChild( script );
		}
	},

	nodeName: function( elem, name ) {
		return elem.nodeName && elem.nodeName.toUpperCase() === name.toUpperCase();
	},

	// args is for internal usage only
	each: function( object, callback, args ) {
		var name, i = 0,
			length = object.length,
			isObj = length === undefined || jQuery.isFunction(object);

		if ( args ) {
			if ( isObj ) {
				for ( name in object ) {
					if ( callback.apply( object[ name ], args ) === false ) {
						break;
					}
				}
			} else {
				for ( ; i < length; ) {
					if ( callback.apply( object[ i++ ], args ) === false ) {
						break;
					}
				}
			}

		// A special, fast, case for the most common use of each
		} else {
			if ( isObj ) {
				for ( name in object ) {
					if ( callback.call( object[ name ], name, object[ name ] ) === false ) {
						break;
					}
				}
			} else {
				for ( var value = object[0];
					i < length && callback.call( value, i, value ) !== false; value = object[++i] ) {}
			}
		}

		return object;
	},

	trim: function( text ) {
		return (text || "").replace( rtrim, "" );
	},

	// results is for internal usage only
	makeArray: function( array, results ) {
		var ret = results || [];

		if ( array != null ) {
			// The window, strings (and functions) also have 'length'
			// The extra typeof function check is to prevent crashes
			// in Safari 2 (See: #3039)
			if ( array.length == null || typeof array === "string" || jQuery.isFunction(array) || (typeof array !== "function" && array.setInterval) ) {
				push.call( ret, array );
			} else {
				jQuery.merge( ret, array );
			}
		}

		return ret;
	},

	inArray: function( elem, array ) {
		if ( array.indexOf ) {
			return array.indexOf( elem );
		}

		for ( var i = 0, length = array.length; i < length; i++ ) {
			if ( array[ i ] === elem ) {
				return i;
			}
		}

		return -1;
	},

	merge: function( first, second ) {
		var i = first.length, j = 0;

		if ( typeof second.length === "number" ) {
			for ( var l = second.length; j < l; j++ ) {
				first[ i++ ] = second[ j ];
			}
		
		} else {
			while ( second[j] !== undefined ) {
				first[ i++ ] = second[ j++ ];
			}
		}

		first.length = i;

		return first;
	},

	grep: function( elems, callback, inv ) {
		var ret = [];

		// Go through the array, only saving the items
		// that pass the validator function
		for ( var i = 0, length = elems.length; i < length; i++ ) {
			if ( !inv !== !callback( elems[ i ], i ) ) {
				ret.push( elems[ i ] );
			}
		}

		return ret;
	},

	// arg is for internal usage only
	map: function( elems, callback, arg ) {
		var ret = [], value;

		// Go through the array, translating each of the items to their
		// new value (or values).
		for ( var i = 0, length = elems.length; i < length; i++ ) {
			value = callback( elems[ i ], i, arg );

			if ( value != null ) {
				ret[ ret.length ] = value;
			}
		}

		return ret.concat.apply( [], ret );
	},

	// A global GUID counter for objects
	guid: 1,

	proxy: function( fn, proxy, thisObject ) {
		if ( arguments.length === 2 ) {
			if ( typeof proxy === "string" ) {
				thisObject = fn;
				fn = thisObject[ proxy ];
				proxy = undefined;

			} else if ( proxy && !jQuery.isFunction( proxy ) ) {
				thisObject = proxy;
				proxy = undefined;
			}
		}

		if ( !proxy && fn ) {
			proxy = function() {
				return fn.apply( thisObject || this, arguments );
			};
		}

		// Set the guid of unique handler to the same of original handler, so it can be removed
		if ( fn ) {
			proxy.guid = fn.guid = fn.guid || proxy.guid || jQuery.guid++;
		}

		// So proxy can be declared as an argument
		return proxy;
	},

	// Use of jQuery.browser is frowned upon.
	// More details: http://docs.jquery.com/Utilities/jQuery.browser
	uaMatch: function( ua ) {
		ua = ua.toLowerCase();

		var match = /(webkit)[ \/]([\w.]+)/.exec( ua ) ||
			/(opera)(?:.*version)?[ \/]([\w.]+)/.exec( ua ) ||
			/(msie) ([\w.]+)/.exec( ua ) ||
			!/compatible/.test( ua ) && /(mozilla)(?:.*? rv:([\w.]+))?/.exec( ua ) ||
		  	[];

		return { browser: match[1] || "", version: match[2] || "0" };
	},

	browser: {}
});

browserMatch = jQuery.uaMatch( userAgent );
if ( browserMatch.browser ) {
	jQuery.browser[ browserMatch.browser ] = true;
	jQuery.browser.version = browserMatch.version;
}

// Deprecated, use jQuery.browser.webkit instead
if ( jQuery.browser.webkit ) {
	jQuery.browser.safari = true;
}

if ( indexOf ) {
	jQuery.inArray = function( elem, array ) {
		return indexOf.call( array, elem );
	};
}

// All jQuery objects should point back to these
rootjQuery = jQuery(document);

// Cleanup functions for the document ready method
if ( document.addEventListener ) {
	DOMContentLoaded = function() {
		document.removeEventListener( "DOMContentLoaded", DOMContentLoaded, false );
		jQuery.ready();
	};

} else if ( document.attachEvent ) {
	DOMContentLoaded = function() {
		// Make sure body exists, at least, in case IE gets a little overzealous (ticket #5443).
		if ( document.readyState === "complete" ) {
			document.detachEvent( "onreadystatechange", DOMContentLoaded );
			jQuery.ready();
		}
	};
}

// The DOM ready check for Internet Explorer
function doScrollCheck() {
	if ( jQuery.isReady ) {
		return;
	}

	try {
		// If IE is used, use the trick by Diego Perini
		// http://javascript.nwbox.com/IEContentLoaded/
		document.documentElement.doScroll("left");
	} catch( error ) {
		setTimeout( doScrollCheck, 1 );
		return;
	}

	// and execute any waiting functions
	jQuery.ready();
}

function evalScript( i, elem ) {
	if ( elem.src ) {
		jQuery.ajax({
			url: elem.src,
			async: false,
			dataType: "script"
		});
	} else {
		jQuery.globalEval( elem.text || elem.textContent || elem.innerHTML || "" );
	}

	if ( elem.parentNode ) {
		elem.parentNode.removeChild( elem );
	}
}

// Mutifunctional method to get and set values to a collection
// The value/s can be optionally by executed if its a function
function access( elems, key, value, exec, fn, pass ) {
	var length = elems.length;
	
	// Setting many attributes
	if ( typeof key === "object" ) {
		for ( var k in key ) {
			access( elems, k, key[k], exec, fn, value );
		}
		return elems;
	}
	
	// Setting one attribute
	if ( value !== undefined ) {
		// Optionally, function values get executed if exec is true
		exec = !pass && exec && jQuery.isFunction(value);
		
		for ( var i = 0; i < length; i++ ) {
			fn( elems[i], key, exec ? value.call( elems[i], i, fn( elems[i], key ) ) : value, pass );
		}
		
		return elems;
	}
	
	// Getting an attribute
	return length ? fn( elems[0], key ) : undefined;
}

function now() {
	return (new Date).getTime();
}
(function() {

	jQuery.support = {};

	var root = document.documentElement,
		script = document.createElement("script"),
		div = document.createElement("div"),
		id = "script" + now();

	div.style.display = "none";
	div.innerHTML = "   <link/><table></table><a href='/a' style='color:red;float:left;opacity:.55;'>a</a><input type='checkbox'/>";

	var all = div.getElementsByTagName("*"),
		a = div.getElementsByTagName("a")[0];

	// Can't get basic test support
	if ( !all || !all.length || !a ) {
		return;
	}

	jQuery.support = {
		// IE strips leading whitespace when .innerHTML is used
		leadingWhitespace: div.firstChild.nodeType === 3,

		// Make sure that tbody elements aren't automatically inserted
		// IE will insert them into empty tables
		tbody: !div.getElementsByTagName("tbody").length,

		// Make sure that link elements get serialized correctly by innerHTML
		// This requires a wrapper element in IE
		htmlSerialize: !!div.getElementsByTagName("link").length,

		// Get the style information from getAttribute
		// (IE uses .cssText insted)
		style: /red/.test( a.getAttribute("style") ),

		// Make sure that URLs aren't manipulated
		// (IE normalizes it by default)
		hrefNormalized: a.getAttribute("href") === "/a",

		// Make sure that element opacity exists
		// (IE uses filter instead)
		// Use a regex to work around a WebKit issue. See #5145
		opacity: /^0.55$/.test( a.style.opacity ),

		// Verify style float existence
		// (IE uses styleFloat instead of cssFloat)
		cssFloat: !!a.style.cssFloat,

		// Make sure that if no value is specified for a checkbox
		// that it defaults to "on".
		// (WebKit defaults to "" instead)
		checkOn: div.getElementsByTagName("input")[0].value === "on",

		// Make sure that a selected-by-default option has a working selected property.
		// (WebKit defaults to false instead of true, IE too, if it's in an optgroup)
		optSelected: document.createElement("select").appendChild( document.createElement("option") ).selected,

		parentNode: div.removeChild( div.appendChild( document.createElement("div") ) ).parentNode === null,

		// Will be defined later
		deleteExpando: true,
		checkClone: false,
		scriptEval: false,
		noCloneEvent: true,
		boxModel: null
	};

	script.type = "text/javascript";
	try {
		script.appendChild( document.createTextNode( "window." + id + "=1;" ) );
	} catch(e) {}

	root.insertBefore( script, root.firstChild );

	// Make sure that the execution of code works by injecting a script
	// tag with appendChild/createTextNode
	// (IE doesn't support this, fails, and uses .text instead)
	if ( window[ id ] ) {
		jQuery.support.scriptEval = true;
		delete window[ id ];
	}

	// Test to see if it's possible to delete an expando from an element
	// Fails in Internet Explorer
	try {
		delete script.test;
	
	} catch(e) {
		jQuery.support.deleteExpando = false;
	}

	root.removeChild( script );

	if ( div.attachEvent && div.fireEvent ) {
		div.attachEvent("onclick", function click() {
			// Cloning a node shouldn't copy over any
			// bound event handlers (IE does this)
			jQuery.support.noCloneEvent = false;
			div.detachEvent("onclick", click);
		});
		div.cloneNode(true).fireEvent("onclick");
	}

	div = document.createElement("div");
	div.innerHTML = "<input type='radio' name='radiotest' checked='checked'/>";

	var fragment = document.createDocumentFragment();
	fragment.appendChild( div.firstChild );

	// WebKit doesn't clone checked state correctly in fragments
	jQuery.support.checkClone = fragment.cloneNode(true).cloneNode(true).lastChild.checked;

	// Figure out if the W3C box model works as expected
	// document.body must exist before we can do this
	jQuery(function() {
		var div = document.createElement("div");
		div.style.width = div.style.paddingLeft = "1px";

		document.body.appendChild( div );
		jQuery.boxModel = jQuery.support.boxModel = div.offsetWidth === 2;
		document.body.removeChild( div ).style.display = 'none';

		div = null;
	});

	// Technique from Juriy Zaytsev
	// http://thinkweb2.com/projects/prototype/detecting-event-support-without-browser-sniffing/
	var eventSupported = function( eventName ) { 
		var el = document.createElement("div"); 
		eventName = "on" + eventName; 

		var isSupported = (eventName in el); 
		if ( !isSupported ) { 
			el.setAttribute(eventName, "return;"); 
			isSupported = typeof el[eventName] === "function"; 
		} 
		el = null; 

		return isSupported; 
	};
	
	jQuery.support.submitBubbles = eventSupported("submit");
	jQuery.support.changeBubbles = eventSupported("change");

	// release memory in IE
	root = script = div = all = a = null;
})();

jQuery.props = {
	"for": "htmlFor",
	"class": "className",
	readonly: "readOnly",
	maxlength: "maxLength",
	cellspacing: "cellSpacing",
	rowspan: "rowSpan",
	colspan: "colSpan",
	tabindex: "tabIndex",
	usemap: "useMap",
	frameborder: "frameBorder"
};
var expando = "jQuery" + now(), uuid = 0, windowData = {};

jQuery.extend({
	cache: {},
	
	expando:expando,

	// The following elements throw uncatchable exceptions if you
	// attempt to add expando properties to them.
	noData: {
		"embed": true,
		"object": true,
		"applet": true
	},

	data: function( elem, name, data ) {
		if ( elem.nodeName && jQuery.noData[elem.nodeName.toLowerCase()] ) {
			return;
		}

		elem = elem == window ?
			windowData :
			elem;

		var id = elem[ expando ], cache = jQuery.cache, thisCache;

		if ( !id && typeof name === "string" && data === undefined ) {
			return null;
		}

		// Compute a unique ID for the element
		if ( !id ) { 
			id = ++uuid;
		}

		// Avoid generating a new cache unless none exists and we
		// want to manipulate it.
		if ( typeof name === "object" ) {
			elem[ expando ] = id;
			thisCache = cache[ id ] = jQuery.extend(true, {}, name);

		} else if ( !cache[ id ] ) {
			elem[ expando ] = id;
			cache[ id ] = {};
		}

		thisCache = cache[ id ];

		// Prevent overriding the named cache with undefined values
		if ( data !== undefined ) {
			thisCache[ name ] = data;
		}

		return typeof name === "string" ? thisCache[ name ] : thisCache;
	},

	removeData: function( elem, name ) {
		if ( elem.nodeName && jQuery.noData[elem.nodeName.toLowerCase()] ) {
			return;
		}

		elem = elem == window ?
			windowData :
			elem;

		var id = elem[ expando ], cache = jQuery.cache, thisCache = cache[ id ];

		// If we want to remove a specific section of the element's data
		if ( name ) {
			if ( thisCache ) {
				// Remove the section of cache data
				delete thisCache[ name ];

				// If we've removed all the data, remove the element's cache
				if ( jQuery.isEmptyObject(thisCache) ) {
					jQuery.removeData( elem );
				}
			}

		// Otherwise, we want to remove all of the element's data
		} else {
			if ( jQuery.support.deleteExpando ) {
				delete elem[ jQuery.expando ];

			} else if ( elem.removeAttribute ) {
				elem.removeAttribute( jQuery.expando );
			}

			// Completely remove the data cache
			delete cache[ id ];
		}
	}
});

jQuery.fn.extend({
	data: function( key, value ) {
		if ( typeof key === "undefined" && this.length ) {
			return jQuery.data( this[0] );

		} else if ( typeof key === "object" ) {
			return this.each(function() {
				jQuery.data( this, key );
			});
		}

		var parts = key.split(".");
		parts[1] = parts[1] ? "." + parts[1] : "";

		if ( value === undefined ) {
			var data = this.triggerHandler("getData" + parts[1] + "!", [parts[0]]);

			if ( data === undefined && this.length ) {
				data = jQuery.data( this[0], key );
			}
			return data === undefined && parts[1] ?
				this.data( parts[0] ) :
				data;
		} else {
			return this.trigger("setData" + parts[1] + "!", [parts[0], value]).each(function() {
				jQuery.data( this, key, value );
			});
		}
	},

	removeData: function( key ) {
		return this.each(function() {
			jQuery.removeData( this, key );
		});
	}
});
jQuery.extend({
	queue: function( elem, type, data ) {
		if ( !elem ) {
			return;
		}

		type = (type || "fx") + "queue";
		var q = jQuery.data( elem, type );

		// Speed up dequeue by getting out quickly if this is just a lookup
		if ( !data ) {
			return q || [];
		}

		if ( !q || jQuery.isArray(data) ) {
			q = jQuery.data( elem, type, jQuery.makeArray(data) );

		} else {
			q.push( data );
		}

		return q;
	},

	dequeue: function( elem, type ) {
		type = type || "fx";

		var queue = jQuery.queue( elem, type ), fn = queue.shift();

		// If the fx queue is dequeued, always remove the progress sentinel
		if ( fn === "inprogress" ) {
			fn = queue.shift();
		}

		if ( fn ) {
			// Add a progress sentinel to prevent the fx queue from being
			// automatically dequeued
			if ( type === "fx" ) {
				queue.unshift("inprogress");
			}

			fn.call(elem, function() {
				jQuery.dequeue(elem, type);
			});
		}
	}
});

jQuery.fn.extend({
	queue: function( type, data ) {
		if ( typeof type !== "string" ) {
			data = type;
			type = "fx";
		}

		if ( data === undefined ) {
			return jQuery.queue( this[0], type );
		}
		return this.each(function( i, elem ) {
			var queue = jQuery.queue( this, type, data );

			if ( type === "fx" && queue[0] !== "inprogress" ) {
				jQuery.dequeue( this, type );
			}
		});
	},
	dequeue: function( type ) {
		return this.each(function() {
			jQuery.dequeue( this, type );
		});
	},

	// Based off of the plugin by Clint Helfers, with permission.
	// http://blindsignals.com/index.php/2009/07/jquery-delay/
	delay: function( time, type ) {
		time = jQuery.fx ? jQuery.fx.speeds[time] || time : time;
		type = type || "fx";

		return this.queue( type, function() {
			var elem = this;
			setTimeout(function() {
				jQuery.dequeue( elem, type );
			}, time );
		});
	},

	clearQueue: function( type ) {
		return this.queue( type || "fx", [] );
	}
});
var rclass = /[\n\t]/g,
	rspace = /\s+/,
	rreturn = /\r/g,
	rspecialurl = /href|src|style/,
	rtype = /(button|input)/i,
	rfocusable = /(button|input|object|select|textarea)/i,
	rclickable = /^(a|area)$/i,
	rradiocheck = /radio|checkbox/;

jQuery.fn.extend({
	attr: function( name, value ) {
		return access( this, name, value, true, jQuery.attr );
	},

	removeAttr: function( name, fn ) {
		return this.each(function(){
			jQuery.attr( this, name, "" );
			if ( this.nodeType === 1 ) {
				this.removeAttribute( name );
			}
		});
	},

	addClass: function( value ) {
		if ( jQuery.isFunction(value) ) {
			return this.each(function(i) {
				var self = jQuery(this);
				self.addClass( value.call(this, i, self.attr("class")) );
			});
		}

		if ( value && typeof value === "string" ) {
			var classNames = (value || "").split( rspace );

			for ( var i = 0, l = this.length; i < l; i++ ) {
				var elem = this[i];

				if ( elem.nodeType === 1 ) {
					if ( !elem.className ) {
						elem.className = value;

					} else {
						var className = " " + elem.className + " ", setClass = elem.className;
						for ( var c = 0, cl = classNames.length; c < cl; c++ ) {
							if ( className.indexOf( " " + classNames[c] + " " ) < 0 ) {
								setClass += " " + classNames[c];
							}
						}
						elem.className = jQuery.trim( setClass );
					}
				}
			}
		}

		return this;
	},

	removeClass: function( value ) {
		if ( jQuery.isFunction(value) ) {
			return this.each(function(i) {
				var self = jQuery(this);
				self.removeClass( value.call(this, i, self.attr("class")) );
			});
		}

		if ( (value && typeof value === "string") || value === undefined ) {
			var classNames = (value || "").split(rspace);

			for ( var i = 0, l = this.length; i < l; i++ ) {
				var elem = this[i];

				if ( elem.nodeType === 1 && elem.className ) {
					if ( value ) {
						var className = (" " + elem.className + " ").replace(rclass, " ");
						for ( var c = 0, cl = classNames.length; c < cl; c++ ) {
							className = className.replace(" " + classNames[c] + " ", " ");
						}
						elem.className = jQuery.trim( className );

					} else {
						elem.className = "";
					}
				}
			}
		}

		return this;
	},

	toggleClass: function( value, stateVal ) {
		var type = typeof value, isBool = typeof stateVal === "boolean";

		if ( jQuery.isFunction( value ) ) {
			return this.each(function(i) {
				var self = jQuery(this);
				self.toggleClass( value.call(this, i, self.attr("class"), stateVal), stateVal );
			});
		}

		return this.each(function() {
			if ( type === "string" ) {
				// toggle individual class names
				var className, i = 0, self = jQuery(this),
					state = stateVal,
					classNames = value.split( rspace );

				while ( (className = classNames[ i++ ]) ) {
					// check each className given, space seperated list
					state = isBool ? state : !self.hasClass( className );
					self[ state ? "addClass" : "removeClass" ]( className );
				}

			} else if ( type === "undefined" || type === "boolean" ) {
				if ( this.className ) {
					// store className if set
					jQuery.data( this, "__className__", this.className );
				}

				// toggle whole className
				this.className = this.className || value === false ? "" : jQuery.data( this, "__className__" ) || "";
			}
		});
	},

	hasClass: function( selector ) {
		var className = " " + selector + " ";
		for ( var i = 0, l = this.length; i < l; i++ ) {
			if ( (" " + this[i].className + " ").replace(rclass, " ").indexOf( className ) > -1 ) {
				return true;
			}
		}

		return false;
	},

	val: function( value ) {
		if ( value === undefined ) {
			var elem = this[0];

			if ( elem ) {
				if ( jQuery.nodeName( elem, "option" ) ) {
					return (elem.attributes.value || {}).specified ? elem.value : elem.text;
				}

				// We need to handle select boxes special
				if ( jQuery.nodeName( elem, "select" ) ) {
					var index = elem.selectedIndex,
						values = [],
						options = elem.options,
						one = elem.type === "select-one";

					// Nothing was selected
					if ( index < 0 ) {
						return null;
					}

					// Loop through all the selected options
					for ( var i = one ? index : 0, max = one ? index + 1 : options.length; i < max; i++ ) {
						var option = options[ i ];

						if ( option.selected ) {
							// Get the specifc value for the option
							value = jQuery(option).val();

							// We don't need an array for one selects
							if ( one ) {
								return value;
							}

							// Multi-Selects return an array
							values.push( value );
						}
					}

					return values;
				}

				// Handle the case where in Webkit "" is returned instead of "on" if a value isn't specified
				if ( rradiocheck.test( elem.type ) && !jQuery.support.checkOn ) {
					return elem.getAttribute("value") === null ? "on" : elem.value;
				}
				

				// Everything else, we just grab the value
				return (elem.value || "").replace(rreturn, "");

			}

			return undefined;
		}

		var isFunction = jQuery.isFunction(value);

		return this.each(function(i) {
			var self = jQuery(this), val = value;

			if ( this.nodeType !== 1 ) {
				return;
			}

			if ( isFunction ) {
				val = value.call(this, i, self.val());
			}

			// Typecast each time if the value is a Function and the appended
			// value is therefore different each time.
			if ( typeof val === "number" ) {
				val += "";
			}

			if ( jQuery.isArray(val) && rradiocheck.test( this.type ) ) {
				this.checked = jQuery.inArray( self.val(), val ) >= 0;

			} else if ( jQuery.nodeName( this, "select" ) ) {
				var values = jQuery.makeArray(val);

				jQuery( "option", this ).each(function() {
					this.selected = jQuery.inArray( jQuery(this).val(), values ) >= 0;
				});

				if ( !values.length ) {
					this.selectedIndex = -1;
				}

			} else {
				this.value = val;
			}
		});
	}
});

jQuery.extend({
	attrFn: {
		val: true,
		css: true,
		html: true,
		text: true,
		data: true,
		width: true,
		height: true,
		offset: true
	},
		
	attr: function( elem, name, value, pass ) {
		// don't set attributes on text and comment nodes
		if ( !elem || elem.nodeType === 3 || elem.nodeType === 8 ) {
			return undefined;
		}

		if ( pass && name in jQuery.attrFn ) {
			return jQuery(elem)[name](value);
		}

		var notxml = elem.nodeType !== 1 || !jQuery.isXMLDoc( elem ),
			// Whether we are setting (or getting)
			set = value !== undefined;

		// Try to normalize/fix the name
		name = notxml && jQuery.props[ name ] || name;

		// Only do all the following if this is a node (faster for style)
		if ( elem.nodeType === 1 ) {
			// These attributes require special treatment
			var special = rspecialurl.test( name );

			// Safari mis-reports the default selected property of an option
			// Accessing the parent's selectedIndex property fixes it
			if ( name === "selected" && !jQuery.support.optSelected ) {
				var parent = elem.parentNode;
				if ( parent ) {
					parent.selectedIndex;
	
					// Make sure that it also works with optgroups, see #5701
					if ( parent.parentNode ) {
						parent.parentNode.selectedIndex;
					}
				}
			}

			// If applicable, access the attribute via the DOM 0 way
			if ( name in elem && notxml && !special ) {
				if ( set ) {
					// We can't allow the type property to be changed (since it causes problems in IE)
					if ( name === "type" && rtype.test( elem.nodeName ) && elem.parentNode ) {
						jQuery.error( "type property can't be changed" );
					}

					elem[ name ] = value;
				}

				// browsers index elements by id/name on forms, give priority to attributes.
				if ( jQuery.nodeName( elem, "form" ) && elem.getAttributeNode(name) ) {
					return elem.getAttributeNode( name ).nodeValue;
				}

				// elem.tabIndex doesn't always return the correct value when it hasn't been explicitly set
				// http://fluidproject.org/blog/2008/01/09/getting-setting-and-removing-tabindex-values-with-javascript/
				if ( name === "tabIndex" ) {
					var attributeNode = elem.getAttributeNode( "tabIndex" );

					return attributeNode && attributeNode.specified ?
						attributeNode.value :
						rfocusable.test( elem.nodeName ) || rclickable.test( elem.nodeName ) && elem.href ?
							0 :
							undefined;
				}

				return elem[ name ];
			}

			if ( !jQuery.support.style && notxml && name === "style" ) {
				if ( set ) {
					elem.style.cssText = "" + value;
				}

				return elem.style.cssText;
			}

			if ( set ) {
				// convert the value to a string (all browsers do this but IE) see #1070
				elem.setAttribute( name, "" + value );
			}

			var attr = !jQuery.support.hrefNormalized && notxml && special ?
					// Some attributes require a special call on IE
					elem.getAttribute( name, 2 ) :
					elem.getAttribute( name );

			// Non-existent attributes return null, we normalize to undefined
			return attr === null ? undefined : attr;
		}

		// elem is actually elem.style ... set the style
		// Using attr for specific style information is now deprecated. Use style instead.
		return jQuery.style( elem, name, value );
	}
});
var rnamespaces = /\.(.*)$/,
	fcleanup = function( nm ) {
		return nm.replace(/[^\w\s\.\|`]/g, function( ch ) {
			return "\\" + ch;
		});
	};

/*
 * A number of helper functions used for managing events.
 * Many of the ideas behind this code originated from
 * Dean Edwards' addEvent library.
 */
jQuery.event = {

	// Bind an event to an element
	// Original by Dean Edwards
	add: function( elem, types, handler, data ) {
		if ( elem.nodeType === 3 || elem.nodeType === 8 ) {
			return;
		}

		// For whatever reason, IE has trouble passing the window object
		// around, causing it to be cloned in the process
		if ( elem.setInterval && ( elem !== window && !elem.frameElement ) ) {
			elem = window;
		}

		var handleObjIn, handleObj;

		if ( handler.handler ) {
			handleObjIn = handler;
			handler = handleObjIn.handler;
		}

		// Make sure that the function being executed has a unique ID
		if ( !handler.guid ) {
			handler.guid = jQuery.guid++;
		}

		// Init the element's event structure
		var elemData = jQuery.data( elem );

		// If no elemData is found then we must be trying to bind to one of the
		// banned noData elements
		if ( !elemData ) {
			return;
		}

		var events = elemData.events = elemData.events || {},
			eventHandle = elemData.handle, eventHandle;

		if ( !eventHandle ) {
			elemData.handle = eventHandle = function() {
				// Handle the second event of a trigger and when
				// an event is called after a page has unloaded
				return typeof jQuery !== "undefined" && !jQuery.event.triggered ?
					jQuery.event.handle.apply( eventHandle.elem, arguments ) :
					undefined;
			};
		}

		// Add elem as a property of the handle function
		// This is to prevent a memory leak with non-native events in IE.
		eventHandle.elem = elem;

		// Handle multiple events separated by a space
		// jQuery(...).bind("mouseover mouseout", fn);
		types = types.split(" ");

		var type, i = 0, namespaces;

		while ( (type = types[ i++ ]) ) {
			handleObj = handleObjIn ?
				jQuery.extend({}, handleObjIn) :
				{ handler: handler, data: data };

			// Namespaced event handlers
			if ( type.indexOf(".") > -1 ) {
				namespaces = type.split(".");
				type = namespaces.shift();
				handleObj.namespace = namespaces.slice(0).sort().join(".");

			} else {
				namespaces = [];
				handleObj.namespace = "";
			}

			handleObj.type = type;
			handleObj.guid = handler.guid;

			// Get the current list of functions bound to this event
			var handlers = events[ type ],
				special = jQuery.event.special[ type ] || {};

			// Init the event handler queue
			if ( !handlers ) {
				handlers = events[ type ] = [];

				// Check for a special event handler
				// Only use addEventListener/attachEvent if the special
				// events handler returns false
				if ( !special.setup || special.setup.call( elem, data, namespaces, eventHandle ) === false ) {
					// Bind the global event handler to the element
					if ( elem.addEventListener ) {
						elem.addEventListener( type, eventHandle, false );

					} else if ( elem.attachEvent ) {
						elem.attachEvent( "on" + type, eventHandle );
					}
				}
			}
			
			if ( special.add ) { 
				special.add.call( elem, handleObj ); 

				if ( !handleObj.handler.guid ) {
					handleObj.handler.guid = handler.guid;
				}
			}

			// Add the function to the element's handler list
			handlers.push( handleObj );

			// Keep track of which events have been used, for global triggering
			jQuery.event.global[ type ] = true;
		}

		// Nullify elem to prevent memory leaks in IE
		elem = null;
	},

	global: {},

	// Detach an event or set of events from an element
	remove: function( elem, types, handler, pos ) {
		// don't do events on text and comment nodes
		if ( elem.nodeType === 3 || elem.nodeType === 8 ) {
			return;
		}

		var ret, type, fn, i = 0, all, namespaces, namespace, special, eventType, handleObj, origType,
			elemData = jQuery.data( elem ),
			events = elemData && elemData.events;

		if ( !elemData || !events ) {
			return;
		}

		// types is actually an event object here
		if ( types && types.type ) {
			handler = types.handler;
			types = types.type;
		}

		// Unbind all events for the element
		if ( !types || typeof types === "string" && types.charAt(0) === "." ) {
			types = types || "";

			for ( type in events ) {
				jQuery.event.remove( elem, type + types );
			}

			return;
		}

		// Handle multiple events separated by a space
		// jQuery(...).unbind("mouseover mouseout", fn);
		types = types.split(" ");

		while ( (type = types[ i++ ]) ) {
			origType = type;
			handleObj = null;
			all = type.indexOf(".") < 0;
			namespaces = [];

			if ( !all ) {
				// Namespaced event handlers
				namespaces = type.split(".");
				type = namespaces.shift();

				namespace = new RegExp("(^|\\.)" + 
					jQuery.map( namespaces.slice(0).sort(), fcleanup ).join("\\.(?:.*\\.)?") + "(\\.|$)")
			}

			eventType = events[ type ];

			if ( !eventType ) {
				continue;
			}

			if ( !handler ) {
				for ( var j = 0; j < eventType.length; j++ ) {
					handleObj = eventType[ j ];

					if ( all || namespace.test( handleObj.namespace ) ) {
						jQuery.event.remove( elem, origType, handleObj.handler, j );
						eventType.splice( j--, 1 );
					}
				}

				continue;
			}

			special = jQuery.event.special[ type ] || {};

			for ( var j = pos || 0; j < eventType.length; j++ ) {
				handleObj = eventType[ j ];

				if ( handler.guid === handleObj.guid ) {
					// remove the given handler for the given type
					if ( all || namespace.test( handleObj.namespace ) ) {
						if ( pos == null ) {
							eventType.splice( j--, 1 );
						}

						if ( special.remove ) {
							special.remove.call( elem, handleObj );
						}
					}

					if ( pos != null ) {
						break;
					}
				}
			}

			// remove generic event handler if no more handlers exist
			if ( eventType.length === 0 || pos != null && eventType.length === 1 ) {
				if ( !special.teardown || special.teardown.call( elem, namespaces ) === false ) {
					removeEvent( elem, type, elemData.handle );
				}

				ret = null;
				delete events[ type ];
			}
		}

		// Remove the expando if it's no longer used
		if ( jQuery.isEmptyObject( events ) ) {
			var handle = elemData.handle;
			if ( handle ) {
				handle.elem = null;
			}

			delete elemData.events;
			delete elemData.handle;

			if ( jQuery.isEmptyObject( elemData ) ) {
				jQuery.removeData( elem );
			}
		}
	},

	// bubbling is internal
	trigger: function( event, data, elem /*, bubbling */ ) {
		// Event object or event type
		var type = event.type || event,
			bubbling = arguments[3];

		if ( !bubbling ) {
			event = typeof event === "object" ?
				// jQuery.Event object
				event[expando] ? event :
				// Object literal
				jQuery.extend( jQuery.Event(type), event ) :
				// Just the event type (string)
				jQuery.Event(type);

			if ( type.indexOf("!") >= 0 ) {
				event.type = type = type.slice(0, -1);
				event.exclusive = true;
			}

			// Handle a global trigger
			if ( !elem ) {
				// Don't bubble custom events when global (to avoid too much overhead)
				event.stopPropagation();

				// Only trigger if we've ever bound an event for it
				if ( jQuery.event.global[ type ] ) {
					jQuery.each( jQuery.cache, function() {
						if ( this.events && this.events[type] ) {
							jQuery.event.trigger( event, data, this.handle.elem );
						}
					});
				}
			}

			// Handle triggering a single element

			// don't do events on text and comment nodes
			if ( !elem || elem.nodeType === 3 || elem.nodeType === 8 ) {
				return undefined;
			}

			// Clean up in case it is reused
			event.result = undefined;
			event.target = elem;

			// Clone the incoming data, if any
			data = jQuery.makeArray( data );
			data.unshift( event );
		}

		event.currentTarget = elem;

		// Trigger the event, it is assumed that "handle" is a function
		var handle = jQuery.data( elem, "handle" );
		if ( handle ) {
			handle.apply( elem, data );
		}

		var parent = elem.parentNode || elem.ownerDocument;

		// Trigger an inline bound script
		try {
			if ( !(elem && elem.nodeName && jQuery.noData[elem.nodeName.toLowerCase()]) ) {
				if ( elem[ "on" + type ] && elem[ "on" + type ].apply( elem, data ) === false ) {
					event.result = false;
				}
			}

		// prevent IE from throwing an error for some elements with some event types, see #3533
		} catch (e) {}

		if ( !event.isPropagationStopped() && parent ) {
			jQuery.event.trigger( event, data, parent, true );

		} else if ( !event.isDefaultPrevented() ) {
			var target = event.target, old,
				isClick = jQuery.nodeName(target, "a") && type === "click",
				special = jQuery.event.special[ type ] || {};

			if ( (!special._default || special._default.call( elem, event ) === false) && 
				!isClick && !(target && target.nodeName && jQuery.noData[target.nodeName.toLowerCase()]) ) {

				try {
					if ( target[ type ] ) {
						// Make sure that we don't accidentally re-trigger the onFOO events
						old = target[ "on" + type ];

						if ( old ) {
							target[ "on" + type ] = null;
						}

						jQuery.event.triggered = true;
						target[ type ]();
					}

				// prevent IE from throwing an error for some elements with some event types, see #3533
				} catch (e) {}

				if ( old ) {
					target[ "on" + type ] = old;
				}

				jQuery.event.triggered = false;
			}
		}
	},

	handle: function( event ) {
		var all, handlers, namespaces, namespace, events;

		event = arguments[0] = jQuery.event.fix( event || window.event );
		event.currentTarget = this;

		// Namespaced event handlers
		all = event.type.indexOf(".") < 0 && !event.exclusive;

		if ( !all ) {
			namespaces = event.type.split(".");
			event.type = namespaces.shift();
			namespace = new RegExp("(^|\\.)" + namespaces.slice(0).sort().join("\\.(?:.*\\.)?") + "(\\.|$)");
		}

		var events = jQuery.data(this, "events"), handlers = events[ event.type ];

		if ( events && handlers ) {
			// Clone the handlers to prevent manipulation
			handlers = handlers.slice(0);

			for ( var j = 0, l = handlers.length; j < l; j++ ) {
				var handleObj = handlers[ j ];

				// Filter the functions by class
				if ( all || namespace.test( handleObj.namespace ) ) {
					// Pass in a reference to the handler function itself
					// So that we can later remove it
					event.handler = handleObj.handler;
					event.data = handleObj.data;
					event.handleObj = handleObj;
	
					var ret = handleObj.handler.apply( this, arguments );

					if ( ret !== undefined ) {
						event.result = ret;
						if ( ret === false ) {
							event.preventDefault();
							event.stopPropagation();
						}
					}

					if ( event.isImmediatePropagationStopped() ) {
						break;
					}
				}
			}
		}

		return event.result;
	},

	props: "altKey attrChange attrName bubbles button cancelable charCode clientX clientY ctrlKey currentTarget data detail eventPhase fromElement handler keyCode layerX layerY metaKey newValue offsetX offsetY originalTarget pageX pageY prevValue relatedNode relatedTarget screenX screenY shiftKey srcElement target toElement view wheelDelta which".split(" "),

	fix: function( event ) {
		if ( event[ expando ] ) {
			return event;
		}

		// store a copy of the original event object
		// and "clone" to set read-only properties
		var originalEvent = event;
		event = jQuery.Event( originalEvent );

		for ( var i = this.props.length, prop; i; ) {
			prop = this.props[ --i ];
			event[ prop ] = originalEvent[ prop ];
		}

		// Fix target property, if necessary
		if ( !event.target ) {
			event.target = event.srcElement || document; // Fixes #1925 where srcElement might not be defined either
		}

		// check if target is a textnode (safari)
		if ( event.target.nodeType === 3 ) {
			event.target = event.target.parentNode;
		}

		// Add relatedTarget, if necessary
		if ( !event.relatedTarget && event.fromElement ) {
			event.relatedTarget = event.fromElement === event.target ? event.toElement : event.fromElement;
		}

		// Calculate pageX/Y if missing and clientX/Y available
		if ( event.pageX == null && event.clientX != null ) {
			var doc = document.documentElement, body = document.body;
			event.pageX = event.clientX + (doc && doc.scrollLeft || body && body.scrollLeft || 0) - (doc && doc.clientLeft || body && body.clientLeft || 0);
			event.pageY = event.clientY + (doc && doc.scrollTop  || body && body.scrollTop  || 0) - (doc && doc.clientTop  || body && body.clientTop  || 0);
		}

		// Add which for key events
		if ( !event.which && ((event.charCode || event.charCode === 0) ? event.charCode : event.keyCode) ) {
			event.which = event.charCode || event.keyCode;
		}

		// Add metaKey to non-Mac browsers (use ctrl for PC's and Meta for Macs)
		if ( !event.metaKey && event.ctrlKey ) {
			event.metaKey = event.ctrlKey;
		}

		// Add which for click: 1 === left; 2 === middle; 3 === right
		// Note: button is not normalized, so don't use it
		if ( !event.which && event.button !== undefined ) {
			event.which = (event.button & 1 ? 1 : ( event.button & 2 ? 3 : ( event.button & 4 ? 2 : 0 ) ));
		}

		return event;
	},

	// Deprecated, use jQuery.guid instead
	guid: 1E8,

	// Deprecated, use jQuery.proxy instead
	proxy: jQuery.proxy,

	special: {
		ready: {
			// Make sure the ready event is setup
			setup: jQuery.bindReady,
			teardown: jQuery.noop
		},

		live: {
			add: function( handleObj ) {
				jQuery.event.add( this, handleObj.origType, jQuery.extend({}, handleObj, {handler: liveHandler}) ); 
			},

			remove: function( handleObj ) {
				var remove = true,
					type = handleObj.origType.replace(rnamespaces, "");
				
				jQuery.each( jQuery.data(this, "events").live || [], function() {
					if ( type === this.origType.replace(rnamespaces, "") ) {
						remove = false;
						return false;
					}
				});

				if ( remove ) {
					jQuery.event.remove( this, handleObj.origType, liveHandler );
				}
			}

		},

		beforeunload: {
			setup: function( data, namespaces, eventHandle ) {
				// We only want to do this special case on windows
				if ( this.setInterval ) {
					this.onbeforeunload = eventHandle;
				}

				return false;
			},
			teardown: function( namespaces, eventHandle ) {
				if ( this.onbeforeunload === eventHandle ) {
					this.onbeforeunload = null;
				}
			}
		}
	}
};

var removeEvent = document.removeEventListener ?
	function( elem, type, handle ) {
		elem.removeEventListener( type, handle, false );
	} : 
	function( elem, type, handle ) {
		elem.detachEvent( "on" + type, handle );
	};

jQuery.Event = function( src ) {
	// Allow instantiation without the 'new' keyword
	if ( !this.preventDefault ) {
		return new jQuery.Event( src );
	}

	// Event object
	if ( src && src.type ) {
		this.originalEvent = src;
		this.type = src.type;
	// Event type
	} else {
		this.type = src;
	}

	// timeStamp is buggy for some events on Firefox(#3843)
	// So we won't rely on the native value
	this.timeStamp = now();

	// Mark it as fixed
	this[ expando ] = true;
};

function returnFalse() {
	return false;
}
function returnTrue() {
	return true;
}

// jQuery.Event is based on DOM3 Events as specified by the ECMAScript Language Binding
// http://www.w3.org/TR/2003/WD-DOM-Level-3-Events-20030331/ecma-script-binding.html
jQuery.Event.prototype = {
	preventDefault: function() {
		this.isDefaultPrevented = returnTrue;

		var e = this.originalEvent;
		if ( !e ) {
			return;
		}
		
		// if preventDefault exists run it on the original event
		if ( e.preventDefault ) {
			e.preventDefault();
		}
		// otherwise set the returnValue property of the original event to false (IE)
		e.returnValue = false;
	},
	stopPropagation: function() {
		this.isPropagationStopped = returnTrue;

		var e = this.originalEvent;
		if ( !e ) {
			return;
		}
		// if stopPropagation exists run it on the original event
		if ( e.stopPropagation ) {
			e.stopPropagation();
		}
		// otherwise set the cancelBubble property of the original event to true (IE)
		e.cancelBubble = true;
	},
	stopImmediatePropagation: function() {
		this.isImmediatePropagationStopped = returnTrue;
		this.stopPropagation();
	},
	isDefaultPrevented: returnFalse,
	isPropagationStopped: returnFalse,
	isImmediatePropagationStopped: returnFalse
};

// Checks if an event happened on an element within another element
// Used in jQuery.event.special.mouseenter and mouseleave handlers
var withinElement = function( event ) {
	// Check if mouse(over|out) are still within the same parent element
	var parent = event.relatedTarget;

	// Firefox sometimes assigns relatedTarget a XUL element
	// which we cannot access the parentNode property of
	try {
		// Traverse up the tree
		while ( parent && parent !== this ) {
			parent = parent.parentNode;
		}

		if ( parent !== this ) {
			// set the correct event type
			event.type = event.data;

			// handle event if we actually just moused on to a non sub-element
			jQuery.event.handle.apply( this, arguments );
		}

	// assuming we've left the element since we most likely mousedover a xul element
	} catch(e) { }
},

// In case of event delegation, we only need to rename the event.type,
// liveHandler will take care of the rest.
delegate = function( event ) {
	event.type = event.data;
	jQuery.event.handle.apply( this, arguments );
};

// Create mouseenter and mouseleave events
jQuery.each({
	mouseenter: "mouseover",
	mouseleave: "mouseout"
}, function( orig, fix ) {
	jQuery.event.special[ orig ] = {
		setup: function( data ) {
			jQuery.event.add( this, fix, data && data.selector ? delegate : withinElement, orig );
		},
		teardown: function( data ) {
			jQuery.event.remove( this, fix, data && data.selector ? delegate : withinElement );
		}
	};
});

// submit delegation
if ( !jQuery.support.submitBubbles ) {

	jQuery.event.special.submit = {
		setup: function( data, namespaces ) {
			if ( this.nodeName.toLowerCase() !== "form" ) {
				jQuery.event.add(this, "click.specialSubmit", function( e ) {
					var elem = e.target, type = elem.type;

					if ( (type === "submit" || type === "image") && jQuery( elem ).closest("form").length ) {
						return trigger( "submit", this, arguments );
					}
				});
	 
				jQuery.event.add(this, "keypress.specialSubmit", function( e ) {
					var elem = e.target, type = elem.type;

					if ( (type === "text" || type === "password") && jQuery( elem ).closest("form").length && e.keyCode === 13 ) {
						return trigger( "submit", this, arguments );
					}
				});

			} else {
				return false;
			}
		},

		teardown: function( namespaces ) {
			jQuery.event.remove( this, ".specialSubmit" );
		}
	};

}

// change delegation, happens here so we have bind.
if ( !jQuery.support.changeBubbles ) {

	var formElems = /textarea|input|select/i,

	changeFilters,

	getVal = function( elem ) {
		var type = elem.type, val = elem.value;

		if ( type === "radio" || type === "checkbox" ) {
			val = elem.checked;

		} else if ( type === "select-multiple" ) {
			val = elem.selectedIndex > -1 ?
				jQuery.map( elem.options, function( elem ) {
					return elem.selected;
				}).join("-") :
				"";

		} else if ( elem.nodeName.toLowerCase() === "select" ) {
			val = elem.selectedIndex;
		}

		return val;
	},

	testChange = function testChange( e ) {
		var elem = e.target, data, val;

		if ( !formElems.test( elem.nodeName ) || elem.readOnly ) {
			return;
		}

		data = jQuery.data( elem, "_change_data" );
		val = getVal(elem);

		// the current data will be also retrieved by beforeactivate
		if ( e.type !== "focusout" || elem.type !== "radio" ) {
			jQuery.data( elem, "_change_data", val );
		}
		
		if ( data === undefined || val === data ) {
			return;
		}

		if ( data != null || val ) {
			e.type = "change";
			return jQuery.event.trigger( e, arguments[1], elem );
		}
	};

	jQuery.event.special.change = {
		filters: {
			focusout: testChange, 

			click: function( e ) {
				var elem = e.target, type = elem.type;

				if ( type === "radio" || type === "checkbox" || elem.nodeName.toLowerCase() === "select" ) {
					return testChange.call( this, e );
				}
			},

			// Change has to be called before submit
			// Keydown will be called before keypress, which is used in submit-event delegation
			keydown: function( e ) {
				var elem = e.target, type = elem.type;

				if ( (e.keyCode === 13 && elem.nodeName.toLowerCase() !== "textarea") ||
					(e.keyCode === 32 && (type === "checkbox" || type === "radio")) ||
					type === "select-multiple" ) {
					return testChange.call( this, e );
				}
			},

			// Beforeactivate happens also before the previous element is blurred
			// with this event you can't trigger a change event, but you can store
			// information/focus[in] is not needed anymore
			beforeactivate: function( e ) {
				var elem = e.target;
				jQuery.data( elem, "_change_data", getVal(elem) );
			}
		},

		setup: function( data, namespaces ) {
			if ( this.type === "file" ) {
				return false;
			}

			for ( var type in changeFilters ) {
				jQuery.event.add( this, type + ".specialChange", changeFilters[type] );
			}

			return formElems.test( this.nodeName );
		},

		teardown: function( namespaces ) {
			jQuery.event.remove( this, ".specialChange" );

			return formElems.test( this.nodeName );
		}
	};

	changeFilters = jQuery.event.special.change.filters;
}

function trigger( type, elem, args ) {
	args[0].type = type;
	return jQuery.event.handle.apply( elem, args );
}

// Create "bubbling" focus and blur events
if ( document.addEventListener ) {
	jQuery.each({ focus: "focusin", blur: "focusout" }, function( orig, fix ) {
		jQuery.event.special[ fix ] = {
			setup: function() {
				this.addEventListener( orig, handler, true );
			}, 
			teardown: function() { 
				this.removeEventListener( orig, handler, true );
			}
		};

		function handler( e ) { 
			e = jQuery.event.fix( e );
			e.type = fix;
			return jQuery.event.handle.call( this, e );
		}
	});
}

jQuery.each(["bind", "one"], function( i, name ) {
	jQuery.fn[ name ] = function( type, data, fn ) {
		// Handle object literals
		if ( typeof type === "object" ) {
			for ( var key in type ) {
				this[ name ](key, data, type[key], fn);
			}
			return this;
		}
		
		if ( jQuery.isFunction( data ) ) {
			fn = data;
			data = undefined;
		}

		var handler = name === "one" ? jQuery.proxy( fn, function( event ) {
			jQuery( this ).unbind( event, handler );
			return fn.apply( this, arguments );
		}) : fn;

		if ( type === "unload" && name !== "one" ) {
			this.one( type, data, fn );

		} else {
			for ( var i = 0, l = this.length; i < l; i++ ) {
				jQuery.event.add( this[i], type, handler, data );
			}
		}

		return this;
	};
});

jQuery.fn.extend({
	unbind: function( type, fn ) {
		// Handle object literals
		if ( typeof type === "object" && !type.preventDefault ) {
			for ( var key in type ) {
				this.unbind(key, type[key]);
			}

		} else {
			for ( var i = 0, l = this.length; i < l; i++ ) {
				jQuery.event.remove( this[i], type, fn );
			}
		}

		return this;
	},
	
	delegate: function( selector, types, data, fn ) {
		return this.live( types, data, fn, selector );
	},
	
	undelegate: function( selector, types, fn ) {
		if ( arguments.length === 0 ) {
				return this.unbind( "live" );
		
		} else {
			return this.die( types, null, fn, selector );
		}
	},
	
	trigger: function( type, data ) {
		return this.each(function() {
			jQuery.event.trigger( type, data, this );
		});
	},

	triggerHandler: function( type, data ) {
		if ( this[0] ) {
			var event = jQuery.Event( type );
			event.preventDefault();
			event.stopPropagation();
			jQuery.event.trigger( event, data, this[0] );
			return event.result;
		}
	},

	toggle: function( fn ) {
		// Save reference to arguments for access in closure
		var args = arguments, i = 1;

		// link all the functions, so any of them can unbind this click handler
		while ( i < args.length ) {
			jQuery.proxy( fn, args[ i++ ] );
		}

		return this.click( jQuery.proxy( fn, function( event ) {
			// Figure out which function to execute
			var lastToggle = ( jQuery.data( this, "lastToggle" + fn.guid ) || 0 ) % i;
			jQuery.data( this, "lastToggle" + fn.guid, lastToggle + 1 );

			// Make sure that clicks stop
			event.preventDefault();

			// and execute the function
			return args[ lastToggle ].apply( this, arguments ) || false;
		}));
	},

	hover: function( fnOver, fnOut ) {
		return this.mouseenter( fnOver ).mouseleave( fnOut || fnOver );
	}
});

var liveMap = {
	focus: "focusin",
	blur: "focusout",
	mouseenter: "mouseover",
	mouseleave: "mouseout"
};

jQuery.each(["live", "die"], function( i, name ) {
	jQuery.fn[ name ] = function( types, data, fn, origSelector /* Internal Use Only */ ) {
		var type, i = 0, match, namespaces, preType,
			selector = origSelector || this.selector,
			context = origSelector ? this : jQuery( this.context );

		if ( jQuery.isFunction( data ) ) {
			fn = data;
			data = undefined;
		}

		types = (types || "").split(" ");

		while ( (type = types[ i++ ]) != null ) {
			match = rnamespaces.exec( type );
			namespaces = "";

			if ( match )  {
				namespaces = match[0];
				type = type.replace( rnamespaces, "" );
			}

			if ( type === "hover" ) {
				types.push( "mouseenter" + namespaces, "mouseleave" + namespaces );
				continue;
			}

			preType = type;

			if ( type === "focus" || type === "blur" ) {
				types.push( liveMap[ type ] + namespaces );
				type = type + namespaces;

			} else {
				type = (liveMap[ type ] || type) + namespaces;
			}

			if ( name === "live" ) {
				// bind live handler
				context.each(function(){
					jQuery.event.add( this, liveConvert( type, selector ),
						{ data: data, selector: selector, handler: fn, origType: type, origHandler: fn, preType: preType } );
				});

			} else {
				// unbind live handler
				context.unbind( liveConvert( type, selector ), fn );
			}
		}
		
		return this;
	}
});

function liveHandler( event ) {
	var stop, elems = [], selectors = [], args = arguments,
		related, match, handleObj, elem, j, i, l, data,
		events = jQuery.data( this, "events" );

	// Make sure we avoid non-left-click bubbling in Firefox (#3861)
	if ( event.liveFired === this || !events || !events.live || event.button && event.type === "click" ) {
		return;
	}

	event.liveFired = this;

	var live = events.live.slice(0);

	for ( j = 0; j < live.length; j++ ) {
		handleObj = live[j];

		if ( handleObj.origType.replace( rnamespaces, "" ) === event.type ) {
			selectors.push( handleObj.selector );

		} else {
			live.splice( j--, 1 );
		}
	}

	match = jQuery( event.target ).closest( selectors, event.currentTarget );

	for ( i = 0, l = match.length; i < l; i++ ) {
		for ( j = 0; j < live.length; j++ ) {
			handleObj = live[j];

			if ( match[i].selector === handleObj.selector ) {
				elem = match[i].elem;
				related = null;

				// Those two events require additional checking
				if ( handleObj.preType === "mouseenter" || handleObj.preType === "mouseleave" ) {
					related = jQuery( event.relatedTarget ).closest( handleObj.selector )[0];
				}

				if ( !related || related !== elem ) {
					elems.push({ elem: elem, handleObj: handleObj });
				}
			}
		}
	}

	for ( i = 0, l = elems.length; i < l; i++ ) {
		match = elems[i];
		event.currentTarget = match.elem;
		event.data = match.handleObj.data;
		event.handleObj = match.handleObj;

		if ( match.handleObj.origHandler.apply( match.elem, args ) === false ) {
			stop = false;
			break;
		}
	}

	return stop;
}

function liveConvert( type, selector ) {
	return "live." + (type && type !== "*" ? type + "." : "") + selector.replace(/\./g, "`").replace(/ /g, "&");
}

jQuery.each( ("blur focus focusin focusout load resize scroll unload click dblclick " +
	"mousedown mouseup mousemove mouseover mouseout mouseenter mouseleave " +
	"change select submit keydown keypress keyup error").split(" "), function( i, name ) {

	// Handle event binding
	jQuery.fn[ name ] = function( fn ) {
		return fn ? this.bind( name, fn ) : this.trigger( name );
	};

	if ( jQuery.attrFn ) {
		jQuery.attrFn[ name ] = true;
	}
});

// Prevent memory leaks in IE
// Window isn't included so as not to unbind existing unload events
// More info:
//  - http://isaacschlueter.com/2006/10/msie-memory-leaks/
if ( window.attachEvent && !window.addEventListener ) {
	window.attachEvent("onunload", function() {
		for ( var id in jQuery.cache ) {
			if ( jQuery.cache[ id ].handle ) {
				// Try/Catch is to handle iframes being unloaded, see #4280
				try {
					jQuery.event.remove( jQuery.cache[ id ].handle.elem );
				} catch(e) {}
			}
		}
	});
}
/*!
 * Sizzle CSS Selector Engine - v1.0
 *  Copyright 2009, The Dojo Foundation
 *  Released under the MIT, BSD, and GPL Licenses.
 *  More information: http://sizzlejs.com/
 */
(function(){

var chunker = /((?:\((?:\([^()]+\)|[^()]+)+\)|\[(?:\[[^[\]]*\]|['"][^'"]*['"]|[^[\]'"]+)+\]|\\.|[^ >+~,(\[\\]+)+|[>+~])(\s*,\s*)?((?:.|\r|\n)*)/g,
	done = 0,
	toString = Object.prototype.toString,
	hasDuplicate = false,
	baseHasDuplicate = true;

// Here we check if the JavaScript engine is using some sort of
// optimization where it does not always call our comparision
// function. If that is the case, discard the hasDuplicate value.
//   Thus far that includes Google Chrome.
[0, 0].sort(function(){
	baseHasDuplicate = false;
	return 0;
});

var Sizzle = function(selector, context, results, seed) {
	results = results || [];
	var origContext = context = context || document;

	if ( context.nodeType !== 1 && context.nodeType !== 9 ) {
		return [];
	}
	
	if ( !selector || typeof selector !== "string" ) {
		return results;
	}

	var parts = [], m, set, checkSet, extra, prune = true, contextXML = isXML(context),
		soFar = selector;
	
	// Reset the position of the chunker regexp (start from head)
	while ( (chunker.exec(""), m = chunker.exec(soFar)) !== null ) {
		soFar = m[3];
		
		parts.push( m[1] );
		
		if ( m[2] ) {
			extra = m[3];
			break;
		}
	}

	if ( parts.length > 1 && origPOS.exec( selector ) ) {
		if ( parts.length === 2 && Expr.relative[ parts[0] ] ) {
			set = posProcess( parts[0] + parts[1], context );
		} else {
			set = Expr.relative[ parts[0] ] ?
				[ context ] :
				Sizzle( parts.shift(), context );

			while ( parts.length ) {
				selector = parts.shift();

				if ( Expr.relative[ selector ] ) {
					selector += parts.shift();
				}
				
				set = posProcess( selector, set );
			}
		}
	} else {
		// Take a shortcut and set the context if the root selector is an ID
		// (but not if it'll be faster if the inner selector is an ID)
		if ( !seed && parts.length > 1 && context.nodeType === 9 && !contextXML &&
				Expr.match.ID.test(parts[0]) && !Expr.match.ID.test(parts[parts.length - 1]) ) {
			var ret = Sizzle.find( parts.shift(), context, contextXML );
			context = ret.expr ? Sizzle.filter( ret.expr, ret.set )[0] : ret.set[0];
		}

		if ( context ) {
			var ret = seed ?
				{ expr: parts.pop(), set: makeArray(seed) } :
				Sizzle.find( parts.pop(), parts.length === 1 && (parts[0] === "~" || parts[0] === "+") && context.parentNode ? context.parentNode : context, contextXML );
			set = ret.expr ? Sizzle.filter( ret.expr, ret.set ) : ret.set;

			if ( parts.length > 0 ) {
				checkSet = makeArray(set);
			} else {
				prune = false;
			}

			while ( parts.length ) {
				var cur = parts.pop(), pop = cur;

				if ( !Expr.relative[ cur ] ) {
					cur = "";
				} else {
					pop = parts.pop();
				}

				if ( pop == null ) {
					pop = context;
				}

				Expr.relative[ cur ]( checkSet, pop, contextXML );
			}
		} else {
			checkSet = parts = [];
		}
	}

	if ( !checkSet ) {
		checkSet = set;
	}

	if ( !checkSet ) {
		Sizzle.error( cur || selector );
	}

	if ( toString.call(checkSet) === "[object Array]" ) {
		if ( !prune ) {
			results.push.apply( results, checkSet );
		} else if ( context && context.nodeType === 1 ) {
			for ( var i = 0; checkSet[i] != null; i++ ) {
				if ( checkSet[i] && (checkSet[i] === true || checkSet[i].nodeType === 1 && contains(context, checkSet[i])) ) {
					results.push( set[i] );
				}
			}
		} else {
			for ( var i = 0; checkSet[i] != null; i++ ) {
				if ( checkSet[i] && checkSet[i].nodeType === 1 ) {
					results.push( set[i] );
				}
			}
		}
	} else {
		makeArray( checkSet, results );
	}

	if ( extra ) {
		Sizzle( extra, origContext, results, seed );
		Sizzle.uniqueSort( results );
	}

	return results;
};

Sizzle.uniqueSort = function(results){
	if ( sortOrder ) {
		hasDuplicate = baseHasDuplicate;
		results.sort(sortOrder);

		if ( hasDuplicate ) {
			for ( var i = 1; i < results.length; i++ ) {
				if ( results[i] === results[i-1] ) {
					results.splice(i--, 1);
				}
			}
		}
	}

	return results;
};

Sizzle.matches = function(expr, set){
	return Sizzle(expr, null, null, set);
};

Sizzle.find = function(expr, context, isXML){
	var set, match;

	if ( !expr ) {
		return [];
	}

	for ( var i = 0, l = Expr.order.length; i < l; i++ ) {
		var type = Expr.order[i], match;
		
		if ( (match = Expr.leftMatch[ type ].exec( expr )) ) {
			var left = match[1];
			match.splice(1,1);

			if ( left.substr( left.length - 1 ) !== "\\" ) {
				match[1] = (match[1] || "").replace(/\\/g, "");
				set = Expr.find[ type ]( match, context, isXML );
				if ( set != null ) {
					expr = expr.replace( Expr.match[ type ], "" );
					break;
				}
			}
		}
	}

	if ( !set ) {
		set = context.getElementsByTagName("*");
	}

	return {set: set, expr: expr};
};

Sizzle.filter = function(expr, set, inplace, not){
	var old = expr, result = [], curLoop = set, match, anyFound,
		isXMLFilter = set && set[0] && isXML(set[0]);

	while ( expr && set.length ) {
		for ( var type in Expr.filter ) {
			if ( (match = Expr.leftMatch[ type ].exec( expr )) != null && match[2] ) {
				var filter = Expr.filter[ type ], found, item, left = match[1];
				anyFound = false;

				match.splice(1,1);

				if ( left.substr( left.length - 1 ) === "\\" ) {
					continue;
				}

				if ( curLoop === result ) {
					result = [];
				}

				if ( Expr.preFilter[ type ] ) {
					match = Expr.preFilter[ type ]( match, curLoop, inplace, result, not, isXMLFilter );

					if ( !match ) {
						anyFound = found = true;
					} else if ( match === true ) {
						continue;
					}
				}

				if ( match ) {
					for ( var i = 0; (item = curLoop[i]) != null; i++ ) {
						if ( item ) {
							found = filter( item, match, i, curLoop );
							var pass = not ^ !!found;

							if ( inplace && found != null ) {
								if ( pass ) {
									anyFound = true;
								} else {
									curLoop[i] = false;
								}
							} else if ( pass ) {
								result.push( item );
								anyFound = true;
							}
						}
					}
				}

				if ( found !== undefined ) {
					if ( !inplace ) {
						curLoop = result;
					}

					expr = expr.replace( Expr.match[ type ], "" );

					if ( !anyFound ) {
						return [];
					}

					break;
				}
			}
		}

		// Improper expression
		if ( expr === old ) {
			if ( anyFound == null ) {
				Sizzle.error( expr );
			} else {
				break;
			}
		}

		old = expr;
	}

	return curLoop;
};

Sizzle.error = function( msg ) {
	throw "Syntax error, unrecognized expression: " + msg;
};

var Expr = Sizzle.selectors = {
	order: [ "ID", "NAME", "TAG" ],
	match: {
		ID: /#((?:[\w\u00c0-\uFFFF-]|\\.)+)/,
		CLASS: /\.((?:[\w\u00c0-\uFFFF-]|\\.)+)/,
		NAME: /\[name=['"]*((?:[\w\u00c0-\uFFFF-]|\\.)+)['"]*\]/,
		ATTR: /\[\s*((?:[\w\u00c0-\uFFFF-]|\\.)+)\s*(?:(\S?=)\s*(['"]*)(.*?)\3|)\s*\]/,
		TAG: /^((?:[\w\u00c0-\uFFFF\*-]|\\.)+)/,
		CHILD: /:(only|nth|last|first)-child(?:\((even|odd|[\dn+-]*)\))?/,
		POS: /:(nth|eq|gt|lt|first|last|even|odd)(?:\((\d*)\))?(?=[^-]|$)/,
		PSEUDO: /:((?:[\w\u00c0-\uFFFF-]|\\.)+)(?:\((['"]?)((?:\([^\)]+\)|[^\(\)]*)+)\2\))?/
	},
	leftMatch: {},
	attrMap: {
		"class": "className",
		"for": "htmlFor"
	},
	attrHandle: {
		href: function(elem){
			return elem.getAttribute("href");
		}
	},
	relative: {
		"+": function(checkSet, part){
			var isPartStr = typeof part === "string",
				isTag = isPartStr && !/\W/.test(part),
				isPartStrNotTag = isPartStr && !isTag;

			if ( isTag ) {
				part = part.toLowerCase();
			}

			for ( var i = 0, l = checkSet.length, elem; i < l; i++ ) {
				if ( (elem = checkSet[i]) ) {
					while ( (elem = elem.previousSibling) && elem.nodeType !== 1 ) {}

					checkSet[i] = isPartStrNotTag || elem && elem.nodeName.toLowerCase() === part ?
						elem || false :
						elem === part;
				}
			}

			if ( isPartStrNotTag ) {
				Sizzle.filter( part, checkSet, true );
			}
		},
		">": function(checkSet, part){
			var isPartStr = typeof part === "string";

			if ( isPartStr && !/\W/.test(part) ) {
				part = part.toLowerCase();

				for ( var i = 0, l = checkSet.length; i < l; i++ ) {
					var elem = checkSet[i];
					if ( elem ) {
						var parent = elem.parentNode;
						checkSet[i] = parent.nodeName.toLowerCase() === part ? parent : false;
					}
				}
			} else {
				for ( var i = 0, l = checkSet.length; i < l; i++ ) {
					var elem = checkSet[i];
					if ( elem ) {
						checkSet[i] = isPartStr ?
							elem.parentNode :
							elem.parentNode === part;
					}
				}

				if ( isPartStr ) {
					Sizzle.filter( part, checkSet, true );
				}
			}
		},
		"": function(checkSet, part, isXML){
			var doneName = done++, checkFn = dirCheck;

			if ( typeof part === "string" && !/\W/.test(part) ) {
				var nodeCheck = part = part.toLowerCase();
				checkFn = dirNodeCheck;
			}

			checkFn("parentNode", part, doneName, checkSet, nodeCheck, isXML);
		},
		"~": function(checkSet, part, isXML){
			var doneName = done++, checkFn = dirCheck;

			if ( typeof part === "string" && !/\W/.test(part) ) {
				var nodeCheck = part = part.toLowerCase();
				checkFn = dirNodeCheck;
			}

			checkFn("previousSibling", part, doneName, checkSet, nodeCheck, isXML);
		}
	},
	find: {
		ID: function(match, context, isXML){
			if ( typeof context.getElementById !== "undefined" && !isXML ) {
				var m = context.getElementById(match[1]);
				return m ? [m] : [];
			}
		},
		NAME: function(match, context){
			if ( typeof context.getElementsByName !== "undefined" ) {
				var ret = [], results = context.getElementsByName(match[1]);

				for ( var i = 0, l = results.length; i < l; i++ ) {
					if ( results[i].getAttribute("name") === match[1] ) {
						ret.push( results[i] );
					}
				}

				return ret.length === 0 ? null : ret;
			}
		},
		TAG: function(match, context){
			return context.getElementsByTagName(match[1]);
		}
	},
	preFilter: {
		CLASS: function(match, curLoop, inplace, result, not, isXML){
			match = " " + match[1].replace(/\\/g, "") + " ";

			if ( isXML ) {
				return match;
			}

			for ( var i = 0, elem; (elem = curLoop[i]) != null; i++ ) {
				if ( elem ) {
					if ( not ^ (elem.className && (" " + elem.className + " ").replace(/[\t\n]/g, " ").indexOf(match) >= 0) ) {
						if ( !inplace ) {
							result.push( elem );
						}
					} else if ( inplace ) {
						curLoop[i] = false;
					}
				}
			}

			return false;
		},
		ID: function(match){
			return match[1].replace(/\\/g, "");
		},
		TAG: function(match, curLoop){
			return match[1].toLowerCase();
		},
		CHILD: function(match){
			if ( match[1] === "nth" ) {
				// parse equations like 'even', 'odd', '5', '2n', '3n+2', '4n-1', '-n+6'
				var test = /(-?)(\d*)n((?:\+|-)?\d*)/.exec(
					match[2] === "even" && "2n" || match[2] === "odd" && "2n+1" ||
					!/\D/.test( match[2] ) && "0n+" + match[2] || match[2]);

				// calculate the numbers (first)n+(last) including if they are negative
				match[2] = (test[1] + (test[2] || 1)) - 0;
				match[3] = test[3] - 0;
			}

			// TODO: Move to normal caching system
			match[0] = done++;

			return match;
		},
		ATTR: function(match, curLoop, inplace, result, not, isXML){
			var name = match[1].replace(/\\/g, "");
			
			if ( !isXML && Expr.attrMap[name] ) {
				match[1] = Expr.attrMap[name];
			}

			if ( match[2] === "~=" ) {
				match[4] = " " + match[4] + " ";
			}

			return match;
		},
		PSEUDO: function(match, curLoop, inplace, result, not){
			if ( match[1] === "not" ) {
				// If we're dealing with a complex expression, or a simple one
				if ( ( chunker.exec(match[3]) || "" ).length > 1 || /^\w/.test(match[3]) ) {
					match[3] = Sizzle(match[3], null, null, curLoop);
				} else {
					var ret = Sizzle.filter(match[3], curLoop, inplace, true ^ not);
					if ( !inplace ) {
						result.push.apply( result, ret );
					}
					return false;
				}
			} else if ( Expr.match.POS.test( match[0] ) || Expr.match.CHILD.test( match[0] ) ) {
				return true;
			}
			
			return match;
		},
		POS: function(match){
			match.unshift( true );
			return match;
		}
	},
	filters: {
		enabled: function(elem){
			return elem.disabled === false && elem.type !== "hidden";
		},
		disabled: function(elem){
			return elem.disabled === true;
		},
		checked: function(elem){
			return elem.checked === true;
		},
		selected: function(elem){
			// Accessing this property makes selected-by-default
			// options in Safari work properly
			elem.parentNode.selectedIndex;
			return elem.selected === true;
		},
		parent: function(elem){
			return !!elem.firstChild;
		},
		empty: function(elem){
			return !elem.firstChild;
		},
		has: function(elem, i, match){
			return !!Sizzle( match[3], elem ).length;
		},
		header: function(elem){
			return /h\d/i.test( elem.nodeName );
		},
		text: function(elem){
			return "text" === elem.type;
		},
		radio: function(elem){
			return "radio" === elem.type;
		},
		checkbox: function(elem){
			return "checkbox" === elem.type;
		},
		file: function(elem){
			return "file" === elem.type;
		},
		password: function(elem){
			return "password" === elem.type;
		},
		submit: function(elem){
			return "submit" === elem.type;
		},
		image: function(elem){
			return "image" === elem.type;
		},
		reset: function(elem){
			return "reset" === elem.type;
		},
		button: function(elem){
			return "button" === elem.type || elem.nodeName.toLowerCase() === "button";
		},
		input: function(elem){
			return /input|select|textarea|button/i.test(elem.nodeName);
		}
	},
	setFilters: {
		first: function(elem, i){
			return i === 0;
		},
		last: function(elem, i, match, array){
			return i === array.length - 1;
		},
		even: function(elem, i){
			return i % 2 === 0;
		},
		odd: function(elem, i){
			return i % 2 === 1;
		},
		lt: function(elem, i, match){
			return i < match[3] - 0;
		},
		gt: function(elem, i, match){
			return i > match[3] - 0;
		},
		nth: function(elem, i, match){
			return match[3] - 0 === i;
		},
		eq: function(elem, i, match){
			return match[3] - 0 === i;
		}
	},
	filter: {
		PSEUDO: function(elem, match, i, array){
			var name = match[1], filter = Expr.filters[ name ];

			if ( filter ) {
				return filter( elem, i, match, array );
			} else if ( name === "contains" ) {
				return (elem.textContent || elem.innerText || getText([ elem ]) || "").indexOf(match[3]) >= 0;
			} else if ( name === "not" ) {
				var not = match[3];

				for ( var i = 0, l = not.length; i < l; i++ ) {
					if ( not[i] === elem ) {
						return false;
					}
				}

				return true;
			} else {
				Sizzle.error( "Syntax error, unrecognized expression: " + name );
			}
		},
		CHILD: function(elem, match){
			var type = match[1], node = elem;
			switch (type) {
				case 'only':
				case 'first':
					while ( (node = node.previousSibling) )	 {
						if ( node.nodeType === 1 ) { 
							return false; 
						}
					}
					if ( type === "first" ) { 
						return true; 
					}
					node = elem;
				case 'last':
					while ( (node = node.nextSibling) )	 {
						if ( node.nodeType === 1 ) { 
							return false; 
						}
					}
					return true;
				case 'nth':
					var first = match[2], last = match[3];

					if ( first === 1 && last === 0 ) {
						return true;
					}
					
					var doneName = match[0],
						parent = elem.parentNode;
	
					if ( parent && (parent.sizcache !== doneName || !elem.nodeIndex) ) {
						var count = 0;
						for ( node = parent.firstChild; node; node = node.nextSibling ) {
							if ( node.nodeType === 1 ) {
								node.nodeIndex = ++count;
							}
						} 
						parent.sizcache = doneName;
					}
					
					var diff = elem.nodeIndex - last;
					if ( first === 0 ) {
						return diff === 0;
					} else {
						return ( diff % first === 0 && diff / first >= 0 );
					}
			}
		},
		ID: function(elem, match){
			return elem.nodeType === 1 && elem.getAttribute("id") === match;
		},
		TAG: function(elem, match){
			return (match === "*" && elem.nodeType === 1) || elem.nodeName.toLowerCase() === match;
		},
		CLASS: function(elem, match){
			return (" " + (elem.className || elem.getAttribute("class")) + " ")
				.indexOf( match ) > -1;
		},
		ATTR: function(elem, match){
			var name = match[1],
				result = Expr.attrHandle[ name ] ?
					Expr.attrHandle[ name ]( elem ) :
					elem[ name ] != null ?
						elem[ name ] :
						elem.getAttribute( name ),
				value = result + "",
				type = match[2],
				check = match[4];

			return result == null ?
				type === "!=" :
				type === "=" ?
				value === check :
				type === "*=" ?
				value.indexOf(check) >= 0 :
				type === "~=" ?
				(" " + value + " ").indexOf(check) >= 0 :
				!check ?
				value && result !== false :
				type === "!=" ?
				value !== check :
				type === "^=" ?
				value.indexOf(check) === 0 :
				type === "$=" ?
				value.substr(value.length - check.length) === check :
				type === "|=" ?
				value === check || value.substr(0, check.length + 1) === check + "-" :
				false;
		},
		POS: function(elem, match, i, array){
			var name = match[2], filter = Expr.setFilters[ name ];

			if ( filter ) {
				return filter( elem, i, match, array );
			}
		}
	}
};

var origPOS = Expr.match.POS;

for ( var type in Expr.match ) {
	Expr.match[ type ] = new RegExp( Expr.match[ type ].source + /(?![^\[]*\])(?![^\(]*\))/.source );
	Expr.leftMatch[ type ] = new RegExp( /(^(?:.|\r|\n)*?)/.source + Expr.match[ type ].source.replace(/\\(\d+)/g, function(all, num){
		return "\\" + (num - 0 + 1);
	}));
}

var makeArray = function(array, results) {
	array = Array.prototype.slice.call( array, 0 );

	if ( results ) {
		results.push.apply( results, array );
		return results;
	}
	
	return array;
};

// Perform a simple check to determine if the browser is capable of
// converting a NodeList to an array using builtin methods.
// Also verifies that the returned array holds DOM nodes
// (which is not the case in the Blackberry browser)
try {
	Array.prototype.slice.call( document.documentElement.childNodes, 0 )[0].nodeType;

// Provide a fallback method if it does not work
} catch(e){
	makeArray = function(array, results) {
		var ret = results || [];

		if ( toString.call(array) === "[object Array]" ) {
			Array.prototype.push.apply( ret, array );
		} else {
			if ( typeof array.length === "number" ) {
				for ( var i = 0, l = array.length; i < l; i++ ) {
					ret.push( array[i] );
				}
			} else {
				for ( var i = 0; array[i]; i++ ) {
					ret.push( array[i] );
				}
			}
		}

		return ret;
	};
}

var sortOrder;

if ( document.documentElement.compareDocumentPosition ) {
	sortOrder = function( a, b ) {
		if ( !a.compareDocumentPosition || !b.compareDocumentPosition ) {
			if ( a == b ) {
				hasDuplicate = true;
			}
			return a.compareDocumentPosition ? -1 : 1;
		}

		var ret = a.compareDocumentPosition(b) & 4 ? -1 : a === b ? 0 : 1;
		if ( ret === 0 ) {
			hasDuplicate = true;
		}
		return ret;
	};
} else if ( "sourceIndex" in document.documentElement ) {
	sortOrder = function( a, b ) {
		if ( !a.sourceIndex || !b.sourceIndex ) {
			if ( a == b ) {
				hasDuplicate = true;
			}
			return a.sourceIndex ? -1 : 1;
		}

		var ret = a.sourceIndex - b.sourceIndex;
		if ( ret === 0 ) {
			hasDuplicate = true;
		}
		return ret;
	};
} else if ( document.createRange ) {
	sortOrder = function( a, b ) {
		if ( !a.ownerDocument || !b.ownerDocument ) {
			if ( a == b ) {
				hasDuplicate = true;
			}
			return a.ownerDocument ? -1 : 1;
		}

		var aRange = a.ownerDocument.createRange(), bRange = b.ownerDocument.createRange();
		aRange.setStart(a, 0);
		aRange.setEnd(a, 0);
		bRange.setStart(b, 0);
		bRange.setEnd(b, 0);
		var ret = aRange.compareBoundaryPoints(Range.START_TO_END, bRange);
		if ( ret === 0 ) {
			hasDuplicate = true;
		}
		return ret;
	};
}

// Utility function for retreiving the text value of an array of DOM nodes
function getText( elems ) {
	var ret = "", elem;

	for ( var i = 0; elems[i]; i++ ) {
		elem = elems[i];

		// Get the text from text nodes and CDATA nodes
		if ( elem.nodeType === 3 || elem.nodeType === 4 ) {
			ret += elem.nodeValue;

		// Traverse everything else, except comment nodes
		} else if ( elem.nodeType !== 8 ) {
			ret += getText( elem.childNodes );
		}
	}

	return ret;
}

// Check to see if the browser returns elements by name when
// querying by getElementById (and provide a workaround)
(function(){
	// We're going to inject a fake input element with a specified name
	var form = document.createElement("div"),
		id = "script" + (new Date).getTime();
	form.innerHTML = "<a name='" + id + "'/>";

	// Inject it into the root element, check its status, and remove it quickly
	var root = document.documentElement;
	root.insertBefore( form, root.firstChild );

	// The workaround has to do additional checks after a getElementById
	// Which slows things down for other browsers (hence the branching)
	if ( document.getElementById( id ) ) {
		Expr.find.ID = function(match, context, isXML){
			if ( typeof context.getElementById !== "undefined" && !isXML ) {
				var m = context.getElementById(match[1]);
				return m ? m.id === match[1] || typeof m.getAttributeNode !== "undefined" && m.getAttributeNode("id").nodeValue === match[1] ? [m] : undefined : [];
			}
		};

		Expr.filter.ID = function(elem, match){
			var node = typeof elem.getAttributeNode !== "undefined" && elem.getAttributeNode("id");
			return elem.nodeType === 1 && node && node.nodeValue === match;
		};
	}

	root.removeChild( form );
	root = form = null; // release memory in IE
})();

(function(){
	// Check to see if the browser returns only elements
	// when doing getElementsByTagName("*")

	// Create a fake element
	var div = document.createElement("div");
	div.appendChild( document.createComment("") );

	// Make sure no comments are found
	if ( div.getElementsByTagName("*").length > 0 ) {
		Expr.find.TAG = function(match, context){
			var results = context.getElementsByTagName(match[1]);

			// Filter out possible comments
			if ( match[1] === "*" ) {
				var tmp = [];

				for ( var i = 0; results[i]; i++ ) {
					if ( results[i].nodeType === 1 ) {
						tmp.push( results[i] );
					}
				}

				results = tmp;
			}

			return results;
		};
	}

	// Check to see if an attribute returns normalized href attributes
	div.innerHTML = "<a href='#'></a>";
	if ( div.firstChild && typeof div.firstChild.getAttribute !== "undefined" &&
			div.firstChild.getAttribute("href") !== "#" ) {
		Expr.attrHandle.href = function(elem){
			return elem.getAttribute("href", 2);
		};
	}

	div = null; // release memory in IE
})();

if ( document.querySelectorAll ) {
	(function(){
		var oldSizzle = Sizzle, div = document.createElement("div");
		div.innerHTML = "<p class='TEST'></p>";

		// Safari can't handle uppercase or unicode characters when
		// in quirks mode.
		if ( div.querySelectorAll && div.querySelectorAll(".TEST").length === 0 ) {
			return;
		}
	
		Sizzle = function(query, context, extra, seed){
			context = context || document;

			// Only use querySelectorAll on non-XML documents
			// (ID selectors don't work in non-HTML documents)
			if ( !seed && context.nodeType === 9 && !isXML(context) ) {
				try {
					return makeArray( context.querySelectorAll(query), extra );
				} catch(e){}
			}
		
			return oldSizzle(query, context, extra, seed);
		};

		for ( var prop in oldSizzle ) {
			Sizzle[ prop ] = oldSizzle[ prop ];
		}

		div = null; // release memory in IE
	})();
}

(function(){
	var div = document.createElement("div");

	div.innerHTML = "<div class='test e'></div><div class='test'></div>";

	// Opera can't find a second classname (in 9.6)
	// Also, make sure that getElementsByClassName actually exists
	if ( !div.getElementsByClassName || div.getElementsByClassName("e").length === 0 ) {
		return;
	}

	// Safari caches class attributes, doesn't catch changes (in 3.2)
	div.lastChild.className = "e";

	if ( div.getElementsByClassName("e").length === 1 ) {
		return;
	}
	
	Expr.order.splice(1, 0, "CLASS");
	Expr.find.CLASS = function(match, context, isXML) {
		if ( typeof context.getElementsByClassName !== "undefined" && !isXML ) {
			return context.getElementsByClassName(match[1]);
		}
	};

	div = null; // release memory in IE
})();

function dirNodeCheck( dir, cur, doneName, checkSet, nodeCheck, isXML ) {
	for ( var i = 0, l = checkSet.length; i < l; i++ ) {
		var elem = checkSet[i];
		if ( elem ) {
			elem = elem[dir];
			var match = false;

			while ( elem ) {
				if ( elem.sizcache === doneName ) {
					match = checkSet[elem.sizset];
					break;
				}

				if ( elem.nodeType === 1 && !isXML ){
					elem.sizcache = doneName;
					elem.sizset = i;
				}

				if ( elem.nodeName.toLowerCase() === cur ) {
					match = elem;
					break;
				}

				elem = elem[dir];
			}

			checkSet[i] = match;
		}
	}
}

function dirCheck( dir, cur, doneName, checkSet, nodeCheck, isXML ) {
	for ( var i = 0, l = checkSet.length; i < l; i++ ) {
		var elem = checkSet[i];
		if ( elem ) {
			elem = elem[dir];
			var match = false;

			while ( elem ) {
				if ( elem.sizcache === doneName ) {
					match = checkSet[elem.sizset];
					break;
				}

				if ( elem.nodeType === 1 ) {
					if ( !isXML ) {
						elem.sizcache = doneName;
						elem.sizset = i;
					}
					if ( typeof cur !== "string" ) {
						if ( elem === cur ) {
							match = true;
							break;
						}

					} else if ( Sizzle.filter( cur, [elem] ).length > 0 ) {
						match = elem;
						break;
					}
				}

				elem = elem[dir];
			}

			checkSet[i] = match;
		}
	}
}

var contains = document.compareDocumentPosition ? function(a, b){
	return !!(a.compareDocumentPosition(b) & 16);
} : function(a, b){
	return a !== b && (a.contains ? a.contains(b) : true);
};

var isXML = function(elem){
	// documentElement is verified for cases where it doesn't yet exist
	// (such as loading iframes in IE - #4833) 
	var documentElement = (elem ? elem.ownerDocument || elem : 0).documentElement;
	return documentElement ? documentElement.nodeName !== "HTML" : false;
};

var posProcess = function(selector, context){
	var tmpSet = [], later = "", match,
		root = context.nodeType ? [context] : context;

	// Position selectors must be done after the filter
	// And so must :not(positional) so we move all PSEUDOs to the end
	while ( (match = Expr.match.PSEUDO.exec( selector )) ) {
		later += match[0];
		selector = selector.replace( Expr.match.PSEUDO, "" );
	}

	selector = Expr.relative[selector] ? selector + "*" : selector;

	for ( var i = 0, l = root.length; i < l; i++ ) {
		Sizzle( selector, root[i], tmpSet );
	}

	return Sizzle.filter( later, tmpSet );
};

// EXPOSE
jQuery.find = Sizzle;
jQuery.expr = Sizzle.selectors;
jQuery.expr[":"] = jQuery.expr.filters;
jQuery.unique = Sizzle.uniqueSort;
jQuery.text = getText;
jQuery.isXMLDoc = isXML;
jQuery.contains = contains;

return;

window.Sizzle = Sizzle;

})();
var runtil = /Until$/,
	rparentsprev = /^(?:parents|prevUntil|prevAll)/,
	// Note: This RegExp should be improved, or likely pulled from Sizzle
	rmultiselector = /,/,
	slice = Array.prototype.slice;

// Implement the identical functionality for filter and not
var winnow = function( elements, qualifier, keep ) {
	if ( jQuery.isFunction( qualifier ) ) {
		return jQuery.grep(elements, function( elem, i ) {
			return !!qualifier.call( elem, i, elem ) === keep;
		});

	} else if ( qualifier.nodeType ) {
		return jQuery.grep(elements, function( elem, i ) {
			return (elem === qualifier) === keep;
		});

	} else if ( typeof qualifier === "string" ) {
		var filtered = jQuery.grep(elements, function( elem ) {
			return elem.nodeType === 1;
		});

		if ( isSimple.test( qualifier ) ) {
			return jQuery.filter(qualifier, filtered, !keep);
		} else {
			qualifier = jQuery.filter( qualifier, filtered );
		}
	}

	return jQuery.grep(elements, function( elem, i ) {
		return (jQuery.inArray( elem, qualifier ) >= 0) === keep;
	});
};

jQuery.fn.extend({
	find: function( selector ) {
		var ret = this.pushStack( "", "find", selector ), length = 0;

		for ( var i = 0, l = this.length; i < l; i++ ) {
			length = ret.length;
			jQuery.find( selector, this[i], ret );

			if ( i > 0 ) {
				// Make sure that the results are unique
				for ( var n = length; n < ret.length; n++ ) {
					for ( var r = 0; r < length; r++ ) {
						if ( ret[r] === ret[n] ) {
							ret.splice(n--, 1);
							break;
						}
					}
				}
			}
		}

		return ret;
	},

	has: function( target ) {
		var targets = jQuery( target );
		return this.filter(function() {
			for ( var i = 0, l = targets.length; i < l; i++ ) {
				if ( jQuery.contains( this, targets[i] ) ) {
					return true;
				}
			}
		});
	},

	not: function( selector ) {
		return this.pushStack( winnow(this, selector, false), "not", selector);
	},

	filter: function( selector ) {
		return this.pushStack( winnow(this, selector, true), "filter", selector );
	},
	
	is: function( selector ) {
		return !!selector && jQuery.filter( selector, this ).length > 0;
	},

	closest: function( selectors, context ) {
		if ( jQuery.isArray( selectors ) ) {
			var ret = [], cur = this[0], match, matches = {}, selector;

			if ( cur && selectors.length ) {
				for ( var i = 0, l = selectors.length; i < l; i++ ) {
					selector = selectors[i];

					if ( !matches[selector] ) {
						matches[selector] = jQuery.expr.match.POS.test( selector ) ? 
							jQuery( selector, context || this.context ) :
							selector;
					}
				}

				while ( cur && cur.ownerDocument && cur !== context ) {
					for ( selector in matches ) {
						match = matches[selector];

						if ( match.jquery ? match.index(cur) > -1 : jQuery(cur).is(match) ) {
							ret.push({ selector: selector, elem: cur });
							delete matches[selector];
						}
					}
					cur = cur.parentNode;
				}
			}

			return ret;
		}

		var pos = jQuery.expr.match.POS.test( selectors ) ? 
			jQuery( selectors, context || this.context ) : null;

		return this.map(function( i, cur ) {
			while ( cur && cur.ownerDocument && cur !== context ) {
				if ( pos ? pos.index(cur) > -1 : jQuery(cur).is(selectors) ) {
					return cur;
				}
				cur = cur.parentNode;
			}
			return null;
		});
	},
	
	// Determine the position of an element within
	// the matched set of elements
	index: function( elem ) {
		if ( !elem || typeof elem === "string" ) {
			return jQuery.inArray( this[0],
				// If it receives a string, the selector is used
				// If it receives nothing, the siblings are used
				elem ? jQuery( elem ) : this.parent().children() );
		}
		// Locate the position of the desired element
		return jQuery.inArray(
			// If it receives a jQuery object, the first element is used
			elem.jquery ? elem[0] : elem, this );
	},

	add: function( selector, context ) {
		var set = typeof selector === "string" ?
				jQuery( selector, context || this.context ) :
				jQuery.makeArray( selector ),
			all = jQuery.merge( this.get(), set );

		return this.pushStack( isDisconnected( set[0] ) || isDisconnected( all[0] ) ?
			all :
			jQuery.unique( all ) );
	},

	andSelf: function() {
		return this.add( this.prevObject );
	}
});

// A painfully simple check to see if an element is disconnected
// from a document (should be improved, where feasible).
function isDisconnected( node ) {
	return !node || !node.parentNode || node.parentNode.nodeType === 11;
}

jQuery.each({
	parent: function( elem ) {
		var parent = elem.parentNode;
		return parent && parent.nodeType !== 11 ? parent : null;
	},
	parents: function( elem ) {
		return jQuery.dir( elem, "parentNode" );
	},
	parentsUntil: function( elem, i, until ) {
		return jQuery.dir( elem, "parentNode", until );
	},
	next: function( elem ) {
		return jQuery.nth( elem, 2, "nextSibling" );
	},
	prev: function( elem ) {
		return jQuery.nth( elem, 2, "previousSibling" );
	},
	nextAll: function( elem ) {
		return jQuery.dir( elem, "nextSibling" );
	},
	prevAll: function( elem ) {
		return jQuery.dir( elem, "previousSibling" );
	},
	nextUntil: function( elem, i, until ) {
		return jQuery.dir( elem, "nextSibling", until );
	},
	prevUntil: function( elem, i, until ) {
		return jQuery.dir( elem, "previousSibling", until );
	},
	siblings: function( elem ) {
		return jQuery.sibling( elem.parentNode.firstChild, elem );
	},
	children: function( elem ) {
		return jQuery.sibling( elem.firstChild );
	},
	contents: function( elem ) {
		return jQuery.nodeName( elem, "iframe" ) ?
			elem.contentDocument || elem.contentWindow.document :
			jQuery.makeArray( elem.childNodes );
	}
}, function( name, fn ) {
	jQuery.fn[ name ] = function( until, selector ) {
		var ret = jQuery.map( this, fn, until );
		
		if ( !runtil.test( name ) ) {
			selector = until;
		}

		if ( selector && typeof selector === "string" ) {
			ret = jQuery.filter( selector, ret );
		}

		ret = this.length > 1 ? jQuery.unique( ret ) : ret;

		if ( (this.length > 1 || rmultiselector.test( selector )) && rparentsprev.test( name ) ) {
			ret = ret.reverse();
		}

		return this.pushStack( ret, name, slice.call(arguments).join(",") );
	};
});

jQuery.extend({
	filter: function( expr, elems, not ) {
		if ( not ) {
			expr = ":not(" + expr + ")";
		}

		return jQuery.find.matches(expr, elems);
	},
	
	dir: function( elem, dir, until ) {
		var matched = [], cur = elem[dir];
		while ( cur && cur.nodeType !== 9 && (until === undefined || cur.nodeType !== 1 || !jQuery( cur ).is( until )) ) {
			if ( cur.nodeType === 1 ) {
				matched.push( cur );
			}
			cur = cur[dir];
		}
		return matched;
	},

	nth: function( cur, result, dir, elem ) {
		result = result || 1;
		var num = 0;

		for ( ; cur; cur = cur[dir] ) {
			if ( cur.nodeType === 1 && ++num === result ) {
				break;
			}
		}

		return cur;
	},

	sibling: function( n, elem ) {
		var r = [];

		for ( ; n; n = n.nextSibling ) {
			if ( n.nodeType === 1 && n !== elem ) {
				r.push( n );
			}
		}

		return r;
	}
});
var rinlinejQuery = / jQuery\d+="(?:\d+|null)"/g,
	rleadingWhitespace = /^\s+/,
	rxhtmlTag = /(<([\w:]+)[^>]*?)\/>/g,
	rselfClosing = /^(?:area|br|col|embed|hr|img|input|link|meta|param)$/i,
	rtagName = /<([\w:]+)/,
	rtbody = /<tbody/i,
	rhtml = /<|&#?\w+;/,
	rnocache = /<script|<object|<embed|<option|<style/i,
	rchecked = /checked\s*(?:[^=]|=\s*.checked.)/i,  // checked="checked" or checked (html5)
	fcloseTag = function( all, front, tag ) {
		return rselfClosing.test( tag ) ?
			all :
			front + "></" + tag + ">";
	},
	wrapMap = {
		option: [ 1, "<select multiple='multiple'>", "</select>" ],
		legend: [ 1, "<fieldset>", "</fieldset>" ],
		thead: [ 1, "<table>", "</table>" ],
		tr: [ 2, "<table><tbody>", "</tbody></table>" ],
		td: [ 3, "<table><tbody><tr>", "</tr></tbody></table>" ],
		col: [ 2, "<table><tbody></tbody><colgroup>", "</colgroup></table>" ],
		area: [ 1, "<map>", "</map>" ],
		_default: [ 0, "", "" ]
	};

wrapMap.optgroup = wrapMap.option;
wrapMap.tbody = wrapMap.tfoot = wrapMap.colgroup = wrapMap.caption = wrapMap.thead;
wrapMap.th = wrapMap.td;

// IE can't serialize <link> and <script> tags normally
if ( !jQuery.support.htmlSerialize ) {
	wrapMap._default = [ 1, "div<div>", "</div>" ];
}

jQuery.fn.extend({
	text: function( text ) {
		if ( jQuery.isFunction(text) ) {
			return this.each(function(i) {
				var self = jQuery(this);
				self.text( text.call(this, i, self.text()) );
			});
		}

		if ( typeof text !== "object" && text !== undefined ) {
			return this.empty().append( (this[0] && this[0].ownerDocument || document).createTextNode( text ) );
		}

		return jQuery.text( this );
	},

	wrapAll: function( html ) {
		if ( jQuery.isFunction( html ) ) {
			return this.each(function(i) {
				jQuery(this).wrapAll( html.call(this, i) );
			});
		}

		if ( this[0] ) {
			// The elements to wrap the target around
			var wrap = jQuery( html, this[0].ownerDocument ).eq(0).clone(true);

			if ( this[0].parentNode ) {
				wrap.insertBefore( this[0] );
			}

			wrap.map(function() {
				var elem = this;

				while ( elem.firstChild && elem.firstChild.nodeType === 1 ) {
					elem = elem.firstChild;
				}

				return elem;
			}).append(this);
		}

		return this;
	},

	wrapInner: function( html ) {
		if ( jQuery.isFunction( html ) ) {
			return this.each(function(i) {
				jQuery(this).wrapInner( html.call(this, i) );
			});
		}

		return this.each(function() {
			var self = jQuery( this ), contents = self.contents();

			if ( contents.length ) {
				contents.wrapAll( html );

			} else {
				self.append( html );
			}
		});
	},

	wrap: function( html ) {
		return this.each(function() {
			jQuery( this ).wrapAll( html );
		});
	},

	unwrap: function() {
		return this.parent().each(function() {
			if ( !jQuery.nodeName( this, "body" ) ) {
				jQuery( this ).replaceWith( this.childNodes );
			}
		}).end();
	},

	append: function() {
		return this.domManip(arguments, true, function( elem ) {
			if ( this.nodeType === 1 ) {
				this.appendChild( elem );
			}
		});
	},

	prepend: function() {
		return this.domManip(arguments, true, function( elem ) {
			if ( this.nodeType === 1 ) {
				this.insertBefore( elem, this.firstChild );
			}
		});
	},

	before: function() {
		if ( this[0] && this[0].parentNode ) {
			return this.domManip(arguments, false, function( elem ) {
				this.parentNode.insertBefore( elem, this );
			});
		} else if ( arguments.length ) {
			var set = jQuery(arguments[0]);
			set.push.apply( set, this.toArray() );
			return this.pushStack( set, "before", arguments );
		}
	},

	after: function() {
		if ( this[0] && this[0].parentNode ) {
			return this.domManip(arguments, false, function( elem ) {
				this.parentNode.insertBefore( elem, this.nextSibling );
			});
		} else if ( arguments.length ) {
			var set = this.pushStack( this, "after", arguments );
			set.push.apply( set, jQuery(arguments[0]).toArray() );
			return set;
		}
	},
	
	// keepData is for internal use only--do not document
	remove: function( selector, keepData ) {
		for ( var i = 0, elem; (elem = this[i]) != null; i++ ) {
			if ( !selector || jQuery.filter( selector, [ elem ] ).length ) {
				if ( !keepData && elem.nodeType === 1 ) {
					jQuery.cleanData( elem.getElementsByTagName("*") );
					jQuery.cleanData( [ elem ] );
				}

				if ( elem.parentNode ) {
					 elem.parentNode.removeChild( elem );
				}
			}
		}
		
		return this;
	},

	empty: function() {
		for ( var i = 0, elem; (elem = this[i]) != null; i++ ) {
			// Remove element nodes and prevent memory leaks
			if ( elem.nodeType === 1 ) {
				jQuery.cleanData( elem.getElementsByTagName("*") );
			}

			// Remove any remaining nodes
			while ( elem.firstChild ) {
				elem.removeChild( elem.firstChild );
			}
		}
		
		return this;
	},

	clone: function( events ) {
		// Do the clone
		var ret = this.map(function() {
			if ( !jQuery.support.noCloneEvent && !jQuery.isXMLDoc(this) ) {
				// IE copies events bound via attachEvent when
				// using cloneNode. Calling detachEvent on the
				// clone will also remove the events from the orignal
				// In order to get around this, we use innerHTML.
				// Unfortunately, this means some modifications to
				// attributes in IE that are actually only stored
				// as properties will not be copied (such as the
				// the name attribute on an input).
				var html = this.outerHTML, ownerDocument = this.ownerDocument;
				if ( !html ) {
					var div = ownerDocument.createElement("div");
					div.appendChild( this.cloneNode(true) );
					html = div.innerHTML;
				}

				return jQuery.clean([html.replace(rinlinejQuery, "")
					// Handle the case in IE 8 where action=/test/> self-closes a tag
					.replace(/=([^="'>\s]+\/)>/g, '="$1">')
					.replace(rleadingWhitespace, "")], ownerDocument)[0];
			} else {
				return this.cloneNode(true);
			}
		});

		// Copy the events from the original to the clone
		if ( events === true ) {
			cloneCopyEvent( this, ret );
			cloneCopyEvent( this.find("*"), ret.find("*") );
		}

		// Return the cloned set
		return ret;
	},

	html: function( value ) {
		if ( value === undefined ) {
			return this[0] && this[0].nodeType === 1 ?
				this[0].innerHTML.replace(rinlinejQuery, "") :
				null;

		// See if we can take a shortcut and just use innerHTML
		} else if ( typeof value === "string" && !rnocache.test( value ) &&
			(jQuery.support.leadingWhitespace || !rleadingWhitespace.test( value )) &&
			!wrapMap[ (rtagName.exec( value ) || ["", ""])[1].toLowerCase() ] ) {

			value = value.replace(rxhtmlTag, fcloseTag);

			try {
				for ( var i = 0, l = this.length; i < l; i++ ) {
					// Remove element nodes and prevent memory leaks
					if ( this[i].nodeType === 1 ) {
						jQuery.cleanData( this[i].getElementsByTagName("*") );
						this[i].innerHTML = value;
					}
				}

			// If using innerHTML throws an exception, use the fallback method
			} catch(e) {
				this.empty().append( value );
			}

		} else if ( jQuery.isFunction( value ) ) {
			this.each(function(i){
				var self = jQuery(this), old = self.html();
				self.empty().append(function(){
					return value.call( this, i, old );
				});
			});

		} else {
			this.empty().append( value );
		}

		return this;
	},

	replaceWith: function( value ) {
		if ( this[0] && this[0].parentNode ) {
			// Make sure that the elements are removed from the DOM before they are inserted
			// this can help fix replacing a parent with child elements
			if ( jQuery.isFunction( value ) ) {
				return this.each(function(i) {
					var self = jQuery(this), old = self.html();
					self.replaceWith( value.call( this, i, old ) );
				});
			}

			if ( typeof value !== "string" ) {
				value = jQuery(value).detach();
			}

			return this.each(function() {
				var next = this.nextSibling, parent = this.parentNode;

				jQuery(this).remove();

				if ( next ) {
					jQuery(next).before( value );
				} else {
					jQuery(parent).append( value );
				}
			});
		} else {
			return this.pushStack( jQuery(jQuery.isFunction(value) ? value() : value), "replaceWith", value );
		}
	},

	detach: function( selector ) {
		return this.remove( selector, true );
	},

	domManip: function( args, table, callback ) {
		var results, first, value = args[0], scripts = [], fragment, parent;

		// We can't cloneNode fragments that contain checked, in WebKit
		if ( !jQuery.support.checkClone && arguments.length === 3 && typeof value === "string" && rchecked.test( value ) ) {
			return this.each(function() {
				jQuery(this).domManip( args, table, callback, true );
			});
		}

		if ( jQuery.isFunction(value) ) {
			return this.each(function(i) {
				var self = jQuery(this);
				args[0] = value.call(this, i, table ? self.html() : undefined);
				self.domManip( args, table, callback );
			});
		}

		if ( this[0] ) {
			parent = value && value.parentNode;

			// If we're in a fragment, just use that instead of building a new one
			if ( jQuery.support.parentNode && parent && parent.nodeType === 11 && parent.childNodes.length === this.length ) {
				results = { fragment: parent };

			} else {
				results = buildFragment( args, this, scripts );
			}
			
			fragment = results.fragment;
			
			if ( fragment.childNodes.length === 1 ) {
				first = fragment = fragment.firstChild;
			} else {
				first = fragment.firstChild;
			}

			if ( first ) {
				table = table && jQuery.nodeName( first, "tr" );

				for ( var i = 0, l = this.length; i < l; i++ ) {
					callback.call(
						table ?
							root(this[i], first) :
							this[i],
						i > 0 || results.cacheable || this.length > 1  ?
							fragment.cloneNode(true) :
							fragment
					);
				}
			}

			if ( scripts.length ) {
				jQuery.each( scripts, evalScript );
			}
		}

		return this;

		function root( elem, cur ) {
			return jQuery.nodeName(elem, "table") ?
				(elem.getElementsByTagName("tbody")[0] ||
				elem.appendChild(elem.ownerDocument.createElement("tbody"))) :
				elem;
		}
	}
});

function cloneCopyEvent(orig, ret) {
	var i = 0;

	ret.each(function() {
		if ( this.nodeName !== (orig[i] && orig[i].nodeName) ) {
			return;
		}

		var oldData = jQuery.data( orig[i++] ), curData = jQuery.data( this, oldData ), events = oldData && oldData.events;

		if ( events ) {
			delete curData.handle;
			curData.events = {};

			for ( var type in events ) {
				for ( var handler in events[ type ] ) {
					jQuery.event.add( this, type, events[ type ][ handler ], events[ type ][ handler ].data );
				}
			}
		}
	});
}

function buildFragment( args, nodes, scripts ) {
	var fragment, cacheable, cacheresults,
		doc = (nodes && nodes[0] ? nodes[0].ownerDocument || nodes[0] : document);

	// Only cache "small" (1/2 KB) strings that are associated with the main document
	// Cloning options loses the selected state, so don't cache them
	// IE 6 doesn't like it when you put <object> or <embed> elements in a fragment
	// Also, WebKit does not clone 'checked' attributes on cloneNode, so don't cache
	if ( args.length === 1 && typeof args[0] === "string" && args[0].length < 512 && doc === document &&
		!rnocache.test( args[0] ) && (jQuery.support.checkClone || !rchecked.test( args[0] )) ) {

		cacheable = true;
		cacheresults = jQuery.fragments[ args[0] ];
		if ( cacheresults ) {
			if ( cacheresults !== 1 ) {
				fragment = cacheresults;
			}
		}
	}

	if ( !fragment ) {
		fragment = doc.createDocumentFragment();
		jQuery.clean( args, doc, fragment, scripts );
	}

	if ( cacheable ) {
		jQuery.fragments[ args[0] ] = cacheresults ? fragment : 1;
	}

	return { fragment: fragment, cacheable: cacheable };
}

jQuery.fragments = {};

jQuery.each({
	appendTo: "append",
	prependTo: "prepend",
	insertBefore: "before",
	insertAfter: "after",
	replaceAll: "replaceWith"
}, function( name, original ) {
	jQuery.fn[ name ] = function( selector ) {
		var ret = [], insert = jQuery( selector ),
			parent = this.length === 1 && this[0].parentNode;
		
		if ( parent && parent.nodeType === 11 && parent.childNodes.length === 1 && insert.length === 1 ) {
			insert[ original ]( this[0] );
			return this;
			
		} else {
			for ( var i = 0, l = insert.length; i < l; i++ ) {
				var elems = (i > 0 ? this.clone(true) : this).get();
				jQuery.fn[ original ].apply( jQuery(insert[i]), elems );
				ret = ret.concat( elems );
			}
		
			return this.pushStack( ret, name, insert.selector );
		}
	};
});

jQuery.extend({
	clean: function( elems, context, fragment, scripts ) {
		context = context || document;

		// !context.createElement fails in IE with an error but returns typeof 'object'
		if ( typeof context.createElement === "undefined" ) {
			context = context.ownerDocument || context[0] && context[0].ownerDocument || document;
		}

		var ret = [];

		for ( var i = 0, elem; (elem = elems[i]) != null; i++ ) {
			if ( typeof elem === "number" ) {
				elem += "";
			}

			if ( !elem ) {
				continue;
			}

			// Convert html string into DOM nodes
			if ( typeof elem === "string" && !rhtml.test( elem ) ) {
				elem = context.createTextNode( elem );

			} else if ( typeof elem === "string" ) {
				// Fix "XHTML"-style tags in all browsers
				elem = elem.replace(rxhtmlTag, fcloseTag);

				// Trim whitespace, otherwise indexOf won't work as expected
				var tag = (rtagName.exec( elem ) || ["", ""])[1].toLowerCase(),
					wrap = wrapMap[ tag ] || wrapMap._default,
					depth = wrap[0],
					div = context.createElement("div");

				// Go to html and back, then peel off extra wrappers
				div.innerHTML = wrap[1] + elem + wrap[2];

				// Move to the right depth
				while ( depth-- ) {
					div = div.lastChild;
				}

				// Remove IE's autoinserted <tbody> from table fragments
				if ( !jQuery.support.tbody ) {

					// String was a <table>, *may* have spurious <tbody>
					var hasBody = rtbody.test(elem),
						tbody = tag === "table" && !hasBody ?
							div.firstChild && div.firstChild.childNodes :

							// String was a bare <thead> or <tfoot>
							wrap[1] === "<table>" && !hasBody ?
								div.childNodes :
								[];

					for ( var j = tbody.length - 1; j >= 0 ; --j ) {
						if ( jQuery.nodeName( tbody[ j ], "tbody" ) && !tbody[ j ].childNodes.length ) {
							tbody[ j ].parentNode.removeChild( tbody[ j ] );
						}
					}

				}

				// IE completely kills leading whitespace when innerHTML is used
				if ( !jQuery.support.leadingWhitespace && rleadingWhitespace.test( elem ) ) {
					div.insertBefore( context.createTextNode( rleadingWhitespace.exec(elem)[0] ), div.firstChild );
				}

				elem = div.childNodes;
			}

			if ( elem.nodeType ) {
				ret.push( elem );
			} else {
				ret = jQuery.merge( ret, elem );
			}
		}

		if ( fragment ) {
			for ( var i = 0; ret[i]; i++ ) {
				if ( scripts && jQuery.nodeName( ret[i], "script" ) && (!ret[i].type || ret[i].type.toLowerCase() === "text/javascript") ) {
					scripts.push( ret[i].parentNode ? ret[i].parentNode.removeChild( ret[i] ) : ret[i] );
				
				} else {
					if ( ret[i].nodeType === 1 ) {
						ret.splice.apply( ret, [i + 1, 0].concat(jQuery.makeArray(ret[i].getElementsByTagName("script"))) );
					}
					fragment.appendChild( ret[i] );
				}
			}
		}

		return ret;
	},
	
	cleanData: function( elems ) {
		var data, id, cache = jQuery.cache,
			special = jQuery.event.special,
			deleteExpando = jQuery.support.deleteExpando;
		
		for ( var i = 0, elem; (elem = elems[i]) != null; i++ ) {
			id = elem[ jQuery.expando ];
			
			if ( id ) {
				data = cache[ id ];
				
				if ( data.events ) {
					for ( var type in data.events ) {
						if ( special[ type ] ) {
							jQuery.event.remove( elem, type );

						} else {
							removeEvent( elem, type, data.handle );
						}
					}
				}
				
				if ( deleteExpando ) {
					delete elem[ jQuery.expando ];

				} else if ( elem.removeAttribute ) {
					elem.removeAttribute( jQuery.expando );
				}
				
				delete cache[ id ];
			}
		}
	}
});
// exclude the following css properties to add px
var rexclude = /z-?index|font-?weight|opacity|zoom|line-?height/i,
	ralpha = /alpha\([^)]*\)/,
	ropacity = /opacity=([^)]*)/,
	rfloat = /float/i,
	rdashAlpha = /-([a-z])/ig,
	rupper = /([A-Z])/g,
	rnumpx = /^-?\d+(?:px)?$/i,
	rnum = /^-?\d/,

	cssShow = { position: "absolute", visibility: "hidden", display:"block" },
	cssWidth = [ "Left", "Right" ],
	cssHeight = [ "Top", "Bottom" ],

	// cache check for defaultView.getComputedStyle
	getComputedStyle = document.defaultView && document.defaultView.getComputedStyle,
	// normalize float css property
	styleFloat = jQuery.support.cssFloat ? "cssFloat" : "styleFloat",
	fcamelCase = function( all, letter ) {
		return letter.toUpperCase();
	};

jQuery.fn.css = function( name, value ) {
	return access( this, name, value, true, function( elem, name, value ) {
		if ( value === undefined ) {
			return jQuery.curCSS( elem, name );
		}
		
		if ( typeof value === "number" && !rexclude.test(name) ) {
			value += "px";
		}

		jQuery.style( elem, name, value );
	});
};

jQuery.extend({
	style: function( elem, name, value ) {
		// don't set styles on text and comment nodes
		if ( !elem || elem.nodeType === 3 || elem.nodeType === 8 ) {
			return undefined;
		}

		// ignore negative width and height values #1599
		if ( (name === "width" || name === "height") && parseFloat(value) < 0 ) {
			value = undefined;
		}

		var style = elem.style || elem, set = value !== undefined;

		// IE uses filters for opacity
		if ( !jQuery.support.opacity && name === "opacity" ) {
			if ( set ) {
				// IE has trouble with opacity if it does not have layout
				// Force it by setting the zoom level
				style.zoom = 1;

				// Set the alpha filter to set the opacity
				var opacity = parseInt( value, 10 ) + "" === "NaN" ? "" : "alpha(opacity=" + value * 100 + ")";
				var filter = style.filter || jQuery.curCSS( elem, "filter" ) || "";
				style.filter = ralpha.test(filter) ? filter.replace(ralpha, opacity) : opacity;
			}

			return style.filter && style.filter.indexOf("opacity=") >= 0 ?
				(parseFloat( ropacity.exec(style.filter)[1] ) / 100) + "":
				"";
		}

		// Make sure we're using the right name for getting the float value
		if ( rfloat.test( name ) ) {
			name = styleFloat;
		}

		name = name.replace(rdashAlpha, fcamelCase);

		if ( set ) {
			style[ name ] = value;
		}

		return style[ name ];
	},

	css: function( elem, name, force, extra ) {
		if ( name === "width" || name === "height" ) {
			var val, props = cssShow, which = name === "width" ? cssWidth : cssHeight;

			function getWH() {
				val = name === "width" ? elem.offsetWidth : elem.offsetHeight;

				if ( extra === "border" ) {
					return;
				}

				jQuery.each( which, function() {
					if ( !extra ) {
						val -= parseFloat(jQuery.curCSS( elem, "padding" + this, true)) || 0;
					}

					if ( extra === "margin" ) {
						val += parseFloat(jQuery.curCSS( elem, "margin" + this, true)) || 0;
					} else {
						val -= parseFloat(jQuery.curCSS( elem, "border" + this + "Width", true)) || 0;
					}
				});
			}

			if ( elem.offsetWidth !== 0 ) {
				getWH();
			} else {
				jQuery.swap( elem, props, getWH );
			}

			return Math.max(0, Math.round(val));
		}

		return jQuery.curCSS( elem, name, force );
	},

	curCSS: function( elem, name, force ) {
		var ret, style = elem.style, filter;

		// IE uses filters for opacity
		if ( !jQuery.support.opacity && name === "opacity" && elem.currentStyle ) {
			ret = ropacity.test(elem.currentStyle.filter || "") ?
				(parseFloat(RegExp.$1) / 100) + "" :
				"";

			return ret === "" ?
				"1" :
				ret;
		}

		// Make sure we're using the right name for getting the float value
		if ( rfloat.test( name ) ) {
			name = styleFloat;
		}

		if ( !force && style && style[ name ] ) {
			ret = style[ name ];

		} else if ( getComputedStyle ) {

			// Only "float" is needed here
			if ( rfloat.test( name ) ) {
				name = "float";
			}

			name = name.replace( rupper, "-$1" ).toLowerCase();

			var defaultView = elem.ownerDocument.defaultView;

			if ( !defaultView ) {
				return null;
			}

			var computedStyle = defaultView.getComputedStyle( elem, null );

			if ( computedStyle ) {
				ret = computedStyle.getPropertyValue( name );
			}

			// We should always get a number back from opacity
			if ( name === "opacity" && ret === "" ) {
				ret = "1";
			}

		} else if ( elem.currentStyle ) {
			var camelCase = name.replace(rdashAlpha, fcamelCase);

			ret = elem.currentStyle[ name ] || elem.currentStyle[ camelCase ];

			// From the awesome hack by Dean Edwards
			// http://erik.eae.net/archives/2007/07/27/18.54.15/#comment-102291

			// If we're not dealing with a regular pixel number
			// but a number that has a weird ending, we need to convert it to pixels
			if ( !rnumpx.test( ret ) && rnum.test( ret ) ) {
				// Remember the original values
				var left = style.left, rsLeft = elem.runtimeStyle.left;

				// Put in the new values to get a computed value out
				elem.runtimeStyle.left = elem.currentStyle.left;
				style.left = camelCase === "fontSize" ? "1em" : (ret || 0);
				ret = style.pixelLeft + "px";

				// Revert the changed values
				style.left = left;
				elem.runtimeStyle.left = rsLeft;
			}
		}

		return ret;
	},

	// A method for quickly swapping in/out CSS properties to get correct calculations
	swap: function( elem, options, callback ) {
		var old = {};

		// Remember the old values, and insert the new ones
		for ( var name in options ) {
			old[ name ] = elem.style[ name ];
			elem.style[ name ] = options[ name ];
		}

		callback.call( elem );

		// Revert the old values
		for ( var name in options ) {
			elem.style[ name ] = old[ name ];
		}
	}
});

if ( jQuery.expr && jQuery.expr.filters ) {
	jQuery.expr.filters.hidden = function( elem ) {
		var width = elem.offsetWidth, height = elem.offsetHeight,
			skip = elem.nodeName.toLowerCase() === "tr";

		return width === 0 && height === 0 && !skip ?
			true :
			width > 0 && height > 0 && !skip ?
				false :
				jQuery.curCSS(elem, "display") === "none";
	};

	jQuery.expr.filters.visible = function( elem ) {
		return !jQuery.expr.filters.hidden( elem );
	};
}
var jsc = now(),
	rscript = /<script(.|\s)*?\/script>/gi,
	rselectTextarea = /select|textarea/i,
	rinput = /color|date|datetime|email|hidden|month|number|password|range|search|tel|text|time|url|week/i,
	jsre = /=\?(&|$)/,
	rquery = /\?/,
	rts = /(\?|&)_=.*?(&|$)/,
	rurl = /^(\w+:)?\/\/([^\/?#]+)/,
	r20 = /%20/g,

	// Keep a copy of the old load method
	_load = jQuery.fn.load;

jQuery.fn.extend({
	load: function( url, params, callback ) {
		if ( typeof url !== "string" ) {
			return _load.call( this, url );

		// Don't do a request if no elements are being requested
		} else if ( !this.length ) {
			return this;
		}

		var off = url.indexOf(" ");
		if ( off >= 0 ) {
			var selector = url.slice(off, url.length);
			url = url.slice(0, off);
		}

		// Default to a GET request
		var type = "GET";

		// If the second parameter was provided
		if ( params ) {
			// If it's a function
			if ( jQuery.isFunction( params ) ) {
				// We assume that it's the callback
				callback = params;
				params = null;

			// Otherwise, build a param string
			} else if ( typeof params === "object" ) {
				params = jQuery.param( params, jQuery.ajaxSettings.traditional );
				type = "POST";
			}
		}

		var self = this;

		// Request the remote document
		jQuery.ajax({
			url: url,
			type: type,
			dataType: "html",
			data: params,
			complete: function( res, status ) {
				// If successful, inject the HTML into all the matched elements
				if ( status === "success" || status === "notmodified" ) {
					// See if a selector was specified
					self.html( selector ?
						// Create a dummy div to hold the results
						jQuery("<div />")
							// inject the contents of the document in, removing the scripts
							// to avoid any 'Permission Denied' errors in IE
							.append(res.responseText.replace(rscript, ""))

							// Locate the specified elements
							.find(selector) :

						// If not, just inject the full result
						res.responseText );
				}

				if ( callback ) {
					self.each( callback, [res.responseText, status, res] );
				}
			}
		});

		return this;
	},

	serialize: function() {
		return jQuery.param(this.serializeArray());
	},
	serializeArray: function() {
		return this.map(function() {
			return this.elements ? jQuery.makeArray(this.elements) : this;
		})
		.filter(function() {
			return this.name && !this.disabled &&
				(this.checked || rselectTextarea.test(this.nodeName) ||
					rinput.test(this.type));
		})
		.map(function( i, elem ) {
			var val = jQuery(this).val();

			return val == null ?
				null :
				jQuery.isArray(val) ?
					jQuery.map( val, function( val, i ) {
						return { name: elem.name, value: val };
					}) :
					{ name: elem.name, value: val };
		}).get();
	}
});

// Attach a bunch of functions for handling common AJAX events
jQuery.each( "ajaxStart ajaxStop ajaxComplete ajaxError ajaxSuccess ajaxSend".split(" "), function( i, o ) {
	jQuery.fn[o] = function( f ) {
		return this.bind(o, f);
	};
});

jQuery.extend({

	get: function( url, data, callback, type ) {
		// shift arguments if data argument was omited
		if ( jQuery.isFunction( data ) ) {
			type = type || callback;
			callback = data;
			data = null;
		}

		return jQuery.ajax({
			type: "GET",
			url: url,
			data: data,
			success: callback,
			dataType: type
		});
	},

	getScript: function( url, callback ) {
		return jQuery.get(url, null, callback, "script");
	},

	getJSON: function( url, data, callback ) {
		return jQuery.get(url, data, callback, "json");
	},

	post: function( url, data, callback, type ) {
		// shift arguments if data argument was omited
		if ( jQuery.isFunction( data ) ) {
			type = type || callback;
			callback = data;
			data = {};
		}

		return jQuery.ajax({
			type: "POST",
			url: url,
			data: data,
			success: callback,
			dataType: type
		});
	},

	ajaxSetup: function( settings ) {
		jQuery.extend( jQuery.ajaxSettings, settings );
	},

	ajaxSettings: {
		url: location.href,
		global: true,
		type: "GET",
		contentType: "application/x-www-form-urlencoded",
		processData: true,
		async: true,
		/*
		timeout: 0,
		data: null,
		username: null,
		password: null,
		traditional: false,
		*/
		// Create the request object; Microsoft failed to properly
		// implement the XMLHttpRequest in IE7 (can't request local files),
		// so we use the ActiveXObject when it is available
		// This function can be overriden by calling jQuery.ajaxSetup
		xhr: window.XMLHttpRequest && (window.location.protocol !== "file:" || !window.ActiveXObject) ?
			function() {
				return new window.XMLHttpRequest();
			} :
			function() {
				try {
					return new window.ActiveXObject("Microsoft.XMLHTTP");
				} catch(e) {}
			},
		accepts: {
			xml: "application/xml, text/xml",
			html: "text/html",
			script: "text/javascript, application/javascript",
			json: "application/json, text/javascript",
			text: "text/plain",
			_default: "*/*"
		}
	},

	// Last-Modified header cache for next request
	lastModified: {},
	etag: {},

	ajax: function( origSettings ) {
		var s = jQuery.extend(true, {}, jQuery.ajaxSettings, origSettings);
		
		var jsonp, status, data,
			callbackContext = origSettings && origSettings.context || s,
			type = s.type.toUpperCase();

		// convert data if not already a string
		if ( s.data && s.processData && typeof s.data !== "string" ) {
			s.data = jQuery.param( s.data, s.traditional );
		}

		// Handle JSONP Parameter Callbacks
		if ( s.dataType === "jsonp" ) {
			if ( type === "GET" ) {
				if ( !jsre.test( s.url ) ) {
					s.url += (rquery.test( s.url ) ? "&" : "?") + (s.jsonp || "callback") + "=?";
				}
			} else if ( !s.data || !jsre.test(s.data) ) {
				s.data = (s.data ? s.data + "&" : "") + (s.jsonp || "callback") + "=?";
			}
			s.dataType = "json";
		}

		// Build temporary JSONP function
		if ( s.dataType === "json" && (s.data && jsre.test(s.data) || jsre.test(s.url)) ) {
			jsonp = s.jsonpCallback || ("jsonp" + jsc++);

			// Replace the =? sequence both in the query string and the data
			if ( s.data ) {
				s.data = (s.data + "").replace(jsre, "=" + jsonp + "$1");
			}

			s.url = s.url.replace(jsre, "=" + jsonp + "$1");

			// We need to make sure
			// that a JSONP style response is executed properly
			s.dataType = "script";

			// Handle JSONP-style loading
			window[ jsonp ] = window[ jsonp ] || function( tmp ) {
				data = tmp;
				success();
				complete();
				// Garbage collect
				window[ jsonp ] = undefined;

				try {
					delete window[ jsonp ];
				} catch(e) {}

				if ( head ) {
					head.removeChild( script );
				}
			};
		}

		if ( s.dataType === "script" && s.cache === null ) {
			s.cache = false;
		}

		if ( s.cache === false && type === "GET" ) {
			var ts = now();

			// try replacing _= if it is there
			var ret = s.url.replace(rts, "$1_=" + ts + "$2");

			// if nothing was replaced, add timestamp to the end
			s.url = ret + ((ret === s.url) ? (rquery.test(s.url) ? "&" : "?") + "_=" + ts : "");
		}

		// If data is available, append data to url for get requests
		if ( s.data && type === "GET" ) {
			s.url += (rquery.test(s.url) ? "&" : "?") + s.data;
		}

		// Watch for a new set of requests
		if ( s.global && ! jQuery.active++ ) {
			jQuery.event.trigger( "ajaxStart" );
		}

		// Matches an absolute URL, and saves the domain
		var parts = rurl.exec( s.url ),
			remote = parts && (parts[1] && parts[1] !== location.protocol || parts[2] !== location.host);

		// If we're requesting a remote document
		// and trying to load JSON or Script with a GET
		if ( s.dataType === "script" && type === "GET" && remote ) {
			var head = document.getElementsByTagName("head")[0] || document.documentElement;
			var script = document.createElement("script");
			script.src = s.url;
			if ( s.scriptCharset ) {
				script.charset = s.scriptCharset;
			}

			// Handle Script loading
			if ( !jsonp ) {
				var done = false;

				// Attach handlers for all browsers
				script.onload = script.onreadystatechange = function() {
					if ( !done && (!this.readyState ||
							this.readyState === "loaded" || this.readyState === "complete") ) {
						done = true;
						success();
						complete();

						// Handle memory leak in IE
						script.onload = script.onreadystatechange = null;
						if ( head && script.parentNode ) {
							head.removeChild( script );
						}
					}
				};
			}

			// Use insertBefore instead of appendChild  to circumvent an IE6 bug.
			// This arises when a base node is used (#2709 and #4378).
			head.insertBefore( script, head.firstChild );

			// We handle everything using the script element injection
			return undefined;
		}

		var requestDone = false;

		// Create the request object
		var xhr = s.xhr();

		if ( !xhr ) {
			return;
		}

		// Open the socket
		// Passing null username, generates a login popup on Opera (#2865)
		if ( s.username ) {
			xhr.open(type, s.url, s.async, s.username, s.password);
		} else {
			xhr.open(type, s.url, s.async);
		}

		// Need an extra try/catch for cross domain requests in Firefox 3
		try {
			// Set the correct header, if data is being sent
			if ( s.data || origSettings && origSettings.contentType ) {
				xhr.setRequestHeader("Content-Type", s.contentType);
			}

			// Set the If-Modified-Since and/or If-None-Match header, if in ifModified mode.
			if ( s.ifModified ) {
				if ( jQuery.lastModified[s.url] ) {
					xhr.setRequestHeader("If-Modified-Since", jQuery.lastModified[s.url]);
				}

				if ( jQuery.etag[s.url] ) {
					xhr.setRequestHeader("If-None-Match", jQuery.etag[s.url]);
				}
			}

			// Set header so the called script knows that it's an XMLHttpRequest
			// Only send the header if it's not a remote XHR
			if ( !remote ) {
				xhr.setRequestHeader("X-Requested-With", "XMLHttpRequest");
			}

			// Set the Accepts header for the server, depending on the dataType
			xhr.setRequestHeader("Accept", s.dataType && s.accepts[ s.dataType ] ?
				s.accepts[ s.dataType ] + ", */*" :
				s.accepts._default );
		} catch(e) {}

		// Allow custom headers/mimetypes and early abort
		if ( s.beforeSend && s.beforeSend.call(callbackContext, xhr, s) === false ) {
			// Handle the global AJAX counter
			if ( s.global && ! --jQuery.active ) {
				jQuery.event.trigger( "ajaxStop" );
			}

			// close opended socket
			xhr.abort();
			return false;
		}

		if ( s.global ) {
			trigger("ajaxSend", [xhr, s]);
		}

		// Wait for a response to come back
		var onreadystatechange = xhr.onreadystatechange = function( isTimeout ) {
			// The request was aborted
			if ( !xhr || xhr.readyState === 0 || isTimeout === "abort" ) {
				// Opera doesn't call onreadystatechange before this point
				// so we simulate the call
				if ( !requestDone ) {
					complete();
				}

				requestDone = true;
				if ( xhr ) {
					xhr.onreadystatechange = jQuery.noop;
				}

			// The transfer is complete and the data is available, or the request timed out
			} else if ( !requestDone && xhr && (xhr.readyState === 4 || isTimeout === "timeout") ) {
				requestDone = true;
				xhr.onreadystatechange = jQuery.noop;

				status = isTimeout === "timeout" ?
					"timeout" :
					!jQuery.httpSuccess( xhr ) ?
						"error" :
						s.ifModified && jQuery.httpNotModified( xhr, s.url ) ?
							"notmodified" :
							"success";

				var errMsg;

				if ( status === "success" ) {
					// Watch for, and catch, XML document parse errors
					try {
						// process the data (runs the xml through httpData regardless of callback)
						data = jQuery.httpData( xhr, s.dataType, s );
					} catch(err) {
						status = "parsererror";
						errMsg = err;
					}
				}

				// Make sure that the request was successful or notmodified
				if ( status === "success" || status === "notmodified" ) {
					// JSONP handles its own success callback
					if ( !jsonp ) {
						success();
					}
				} else {
					jQuery.handleError(s, xhr, status, errMsg);
				}

				// Fire the complete handlers
				complete();

				if ( isTimeout === "timeout" ) {
					xhr.abort();
				}

				// Stop memory leaks
				if ( s.async ) {
					xhr = null;
				}
			}
		};

		// Override the abort handler, if we can (IE doesn't allow it, but that's OK)
		// Opera doesn't fire onreadystatechange at all on abort
		try {
			var oldAbort = xhr.abort;
			xhr.abort = function() {
				if ( xhr ) {
					oldAbort.call( xhr );
				}

				onreadystatechange( "abort" );
			};
		} catch(e) { }

		// Timeout checker
		if ( s.async && s.timeout > 0 ) {
			setTimeout(function() {
				// Check to see if the request is still happening
				if ( xhr && !requestDone ) {
					onreadystatechange( "timeout" );
				}
			}, s.timeout);
		}

		// Send the data
		try {
			xhr.send( type === "POST" || type === "PUT" || type === "DELETE" ? s.data : null );
		} catch(e) {
			jQuery.handleError(s, xhr, null, e);
			// Fire the complete handlers
			complete();
		}

		// firefox 1.5 doesn't fire statechange for sync requests
		if ( !s.async ) {
			onreadystatechange();
		}

		function success() {
			// If a local callback was specified, fire it and pass it the data
			if ( s.success ) {
				s.success.call( callbackContext, data, status, xhr );
			}

			// Fire the global callback
			if ( s.global ) {
				trigger( "ajaxSuccess", [xhr, s] );
			}
		}

		function complete() {
			// Process result
			if ( s.complete ) {
				s.complete.call( callbackContext, xhr, status);
			}

			// The request was completed
			if ( s.global ) {
				trigger( "ajaxComplete", [xhr, s] );
			}

			// Handle the global AJAX counter
			if ( s.global && ! --jQuery.active ) {
				jQuery.event.trigger( "ajaxStop" );
			}
		}
		
		function trigger(type, args) {
			(s.context ? jQuery(s.context) : jQuery.event).trigger(type, args);
		}

		// return XMLHttpRequest to allow aborting the request etc.
		return xhr;
	},

	handleError: function( s, xhr, status, e ) {
		// If a local callback was specified, fire it
		if ( s.error ) {
			s.error.call( s.context || s, xhr, status, e );
		}

		// Fire the global callback
		if ( s.global ) {
			(s.context ? jQuery(s.context) : jQuery.event).trigger( "ajaxError", [xhr, s, e] );
		}
	},

	// Counter for holding the number of active queries
	active: 0,

	// Determines if an XMLHttpRequest was successful or not
	httpSuccess: function( xhr ) {
		try {
			// IE error sometimes returns 1223 when it should be 204 so treat it as success, see #1450
			return !xhr.status && location.protocol === "file:" ||
				// Opera returns 0 when status is 304
				( xhr.status >= 200 && xhr.status < 300 ) ||
				xhr.status === 304 || xhr.status === 1223 || xhr.status === 0;
		} catch(e) {}

		return false;
	},

	// Determines if an XMLHttpRequest returns NotModified
	httpNotModified: function( xhr, url ) {
		var lastModified = xhr.getResponseHeader("Last-Modified"),
			etag = xhr.getResponseHeader("Etag");

		if ( lastModified ) {
			jQuery.lastModified[url] = lastModified;
		}

		if ( etag ) {
			jQuery.etag[url] = etag;
		}

		// Opera returns 0 when status is 304
		return xhr.status === 304 || xhr.status === 0;
	},

	httpData: function( xhr, type, s ) {
		var ct = xhr.getResponseHeader("content-type") || "",
			xml = type === "xml" || !type && ct.indexOf("xml") >= 0,
			data = xml ? xhr.responseXML : xhr.responseText;

		if ( xml && data.documentElement.nodeName === "parsererror" ) {
			jQuery.error( "parsererror" );
		}

		// Allow a pre-filtering function to sanitize the response
		// s is checked to keep backwards compatibility
		if ( s && s.dataFilter ) {
			data = s.dataFilter( data, type );
		}

		// The filter can actually parse the response
		if ( typeof data === "string" ) {
			// Get the JavaScript object, if JSON is used.
			if ( type === "json" || !type && ct.indexOf("json") >= 0 ) {
				data = jQuery.parseJSON( data );

			// If the type is "script", eval it in global context
			} else if ( type === "script" || !type && ct.indexOf("javascript") >= 0 ) {
				jQuery.globalEval( data );
			}
		}

		return data;
	},

	// Serialize an array of form elements or a set of
	// key/values into a query string
	param: function( a, traditional ) {
		var s = [];
		
		// Set traditional to true for jQuery <= 1.3.2 behavior.
		if ( traditional === undefined ) {
			traditional = jQuery.ajaxSettings.traditional;
		}
		
		// If an array was passed in, assume that it is an array of form elements.
		if ( jQuery.isArray(a) || a.jquery ) {
			// Serialize the form elements
			jQuery.each( a, function() {
				add( this.name, this.value );
			});
			
		} else {
			// If traditional, encode the "old" way (the way 1.3.2 or older
			// did it), otherwise encode params recursively.
			for ( var prefix in a ) {
				buildParams( prefix, a[prefix] );
			}
		}

		// Return the resulting serialization
		return s.join("&").replace(r20, "+");

		function buildParams( prefix, obj ) {
			if ( jQuery.isArray(obj) ) {
				// Serialize array item.
				jQuery.each( obj, function( i, v ) {
					if ( traditional || /\[\]$/.test( prefix ) ) {
						// Treat each array item as a scalar.
						add( prefix, v );
					} else {
						// If array item is non-scalar (array or object), encode its
						// numeric index to resolve deserialization ambiguity issues.
						// Note that rack (as of 1.0.0) can't currently deserialize
						// nested arrays properly, and attempting to do so may cause
						// a server error. Possible fixes are to modify rack's
						// deserialization algorithm or to provide an option or flag
						// to force array serialization to be shallow.
						buildParams( prefix + "[" + ( typeof v === "object" || jQuery.isArray(v) ? i : "" ) + "]", v );
					}
				});
					
			} else if ( !traditional && obj != null && typeof obj === "object" ) {
				// Serialize object item.
				jQuery.each( obj, function( k, v ) {
					buildParams( prefix + "[" + k + "]", v );
				});
					
			} else {
				// Serialize scalar item.
				add( prefix, obj );
			}
		}

		function add( key, value ) {
			// If value is a function, invoke it and return its value
			value = jQuery.isFunction(value) ? value() : value;
			s[ s.length ] = encodeURIComponent(key) + "=" + encodeURIComponent(value);
		}
	}
});
var elemdisplay = {},
	rfxtypes = /toggle|show|hide/,
	rfxnum = /^([+-]=)?([\d+-.]+)(.*)$/,
	timerId,
	fxAttrs = [
		// height animations
		[ "height", "marginTop", "marginBottom", "paddingTop", "paddingBottom" ],
		// width animations
		[ "width", "marginLeft", "marginRight", "paddingLeft", "paddingRight" ],
		// opacity animations
		[ "opacity" ]
	];

jQuery.fn.extend({
	show: function( speed, callback ) {
		if ( speed || speed === 0) {
			return this.animate( genFx("show", 3), speed, callback);

		} else {
			for ( var i = 0, l = this.length; i < l; i++ ) {
				var old = jQuery.data(this[i], "olddisplay");

				this[i].style.display = old || "";

				if ( jQuery.css(this[i], "display") === "none" ) {
					var nodeName = this[i].nodeName, display;

					if ( elemdisplay[ nodeName ] ) {
						display = elemdisplay[ nodeName ];

					} else {
						var elem = jQuery("<" + nodeName + " />").appendTo("body");

						display = elem.css("display");

						if ( display === "none" ) {
							display = "block";
						}

						elem.remove();

						elemdisplay[ nodeName ] = display;
					}

					jQuery.data(this[i], "olddisplay", display);
				}
			}

			// Set the display of the elements in a second loop
			// to avoid the constant reflow
			for ( var j = 0, k = this.length; j < k; j++ ) {
				this[j].style.display = jQuery.data(this[j], "olddisplay") || "";
			}

			return this;
		}
	},

	hide: function( speed, callback ) {
		if ( speed || speed === 0 ) {
			return this.animate( genFx("hide", 3), speed, callback);

		} else {
			for ( var i = 0, l = this.length; i < l; i++ ) {
				var old = jQuery.data(this[i], "olddisplay");
				if ( !old && old !== "none" ) {
					jQuery.data(this[i], "olddisplay", jQuery.css(this[i], "display"));
				}
			}

			// Set the display of the elements in a second loop
			// to avoid the constant reflow
			for ( var j = 0, k = this.length; j < k; j++ ) {
				this[j].style.display = "none";
			}

			return this;
		}
	},

	// Save the old toggle function
	_toggle: jQuery.fn.toggle,

	toggle: function( fn, fn2 ) {
		var bool = typeof fn === "boolean";

		if ( jQuery.isFunction(fn) && jQuery.isFunction(fn2) ) {
			this._toggle.apply( this, arguments );

		} else if ( fn == null || bool ) {
			this.each(function() {
				var state = bool ? fn : jQuery(this).is(":hidden");
				jQuery(this)[ state ? "show" : "hide" ]();
			});

		} else {
			this.animate(genFx("toggle", 3), fn, fn2);
		}

		return this;
	},

	fadeTo: function( speed, to, callback ) {
		return this.filter(":hidden").css("opacity", 0).show().end()
					.animate({opacity: to}, speed, callback);
	},

	animate: function( prop, speed, easing, callback ) {
		var optall = jQuery.speed(speed, easing, callback);

		if ( jQuery.isEmptyObject( prop ) ) {
			return this.each( optall.complete );
		}

		return this[ optall.queue === false ? "each" : "queue" ](function() {
			var opt = jQuery.extend({}, optall), p,
				hidden = this.nodeType === 1 && jQuery(this).is(":hidden"),
				self = this;

			for ( p in prop ) {
				var name = p.replace(rdashAlpha, fcamelCase);

				if ( p !== name ) {
					prop[ name ] = prop[ p ];
					delete prop[ p ];
					p = name;
				}

				if ( prop[p] === "hide" && hidden || prop[p] === "show" && !hidden ) {
					return opt.complete.call(this);
				}

				if ( ( p === "height" || p === "width" ) && this.style ) {
					// Store display property
					opt.display = jQuery.css(this, "display");

					// Make sure that nothing sneaks out
					opt.overflow = this.style.overflow;
				}

				if ( jQuery.isArray( prop[p] ) ) {
					// Create (if needed) and add to specialEasing
					(opt.specialEasing = opt.specialEasing || {})[p] = prop[p][1];
					prop[p] = prop[p][0];
				}
			}

			if ( opt.overflow != null ) {
				this.style.overflow = "hidden";
			}

			opt.curAnim = jQuery.extend({}, prop);

			jQuery.each( prop, function( name, val ) {
				var e = new jQuery.fx( self, opt, name );

				if ( rfxtypes.test(val) ) {
					e[ val === "toggle" ? hidden ? "show" : "hide" : val ]( prop );

				} else {
					var parts = rfxnum.exec(val),
						start = e.cur(true) || 0;

					if ( parts ) {
						var end = parseFloat( parts[2] ),
							unit = parts[3] || "px";

						// We need to compute starting value
						if ( unit !== "px" ) {
							self.style[ name ] = (end || 1) + unit;
							start = ((end || 1) / e.cur(true)) * start;
							self.style[ name ] = start + unit;
						}

						// If a +=/-= token was provided, we're doing a relative animation
						if ( parts[1] ) {
							end = ((parts[1] === "-=" ? -1 : 1) * end) + start;
						}

						e.custom( start, end, unit );

					} else {
						e.custom( start, val, "" );
					}
				}
			});

			// For JS strict compliance
			return true;
		});
	},

	stop: function( clearQueue, gotoEnd ) {
		var timers = jQuery.timers;

		if ( clearQueue ) {
			this.queue([]);
		}

		this.each(function() {
			// go in reverse order so anything added to the queue during the loop is ignored
			for ( var i = timers.length - 1; i >= 0; i-- ) {
				if ( timers[i].elem === this ) {
					if (gotoEnd) {
						// force the next step to be the last
						timers[i](true);
					}

					timers.splice(i, 1);
				}
			}
		});

		// start the next in the queue if the last step wasn't forced
		if ( !gotoEnd ) {
			this.dequeue();
		}

		return this;
	}

});

// Generate shortcuts for custom animations
jQuery.each({
	slideDown: genFx("show", 1),
	slideUp: genFx("hide", 1),
	slideToggle: genFx("toggle", 1),
	fadeIn: { opacity: "show" },
	fadeOut: { opacity: "hide" }
}, function( name, props ) {
	jQuery.fn[ name ] = function( speed, callback ) {
		return this.animate( props, speed, callback );
	};
});

jQuery.extend({
	speed: function( speed, easing, fn ) {
		var opt = speed && typeof speed === "object" ? speed : {
			complete: fn || !fn && easing ||
				jQuery.isFunction( speed ) && speed,
			duration: speed,
			easing: fn && easing || easing && !jQuery.isFunction(easing) && easing
		};

		opt.duration = jQuery.fx.off ? 0 : typeof opt.duration === "number" ? opt.duration :
			jQuery.fx.speeds[opt.duration] || jQuery.fx.speeds._default;

		// Queueing
		opt.old = opt.complete;
		opt.complete = function() {
			if ( opt.queue !== false ) {
				jQuery(this).dequeue();
			}
			if ( jQuery.isFunction( opt.old ) ) {
				opt.old.call( this );
			}
		};

		return opt;
	},

	easing: {
		linear: function( p, n, firstNum, diff ) {
			return firstNum + diff * p;
		},
		swing: function( p, n, firstNum, diff ) {
			return ((-Math.cos(p*Math.PI)/2) + 0.5) * diff + firstNum;
		}
	},

	timers: [],

	fx: function( elem, options, prop ) {
		this.options = options;
		this.elem = elem;
		this.prop = prop;

		if ( !options.orig ) {
			options.orig = {};
		}
	}

});

jQuery.fx.prototype = {
	// Simple function for setting a style value
	update: function() {
		if ( this.options.step ) {
			this.options.step.call( this.elem, this.now, this );
		}

		(jQuery.fx.step[this.prop] || jQuery.fx.step._default)( this );

		// Set display property to block for height/width animations
		if ( ( this.prop === "height" || this.prop === "width" ) && this.elem.style ) {
			this.elem.style.display = "block";
		}
	},

	// Get the current size
	cur: function( force ) {
		if ( this.elem[this.prop] != null && (!this.elem.style || this.elem.style[this.prop] == null) ) {
			return this.elem[ this.prop ];
		}

		var r = parseFloat(jQuery.css(this.elem, this.prop, force));
		return r && r > -10000 ? r : parseFloat(jQuery.curCSS(this.elem, this.prop)) || 0;
	},

	// Start an animation from one number to another
	custom: function( from, to, unit ) {
		this.startTime = now();
		this.start = from;
		this.end = to;
		this.unit = unit || this.unit || "px";
		this.now = this.start;
		this.pos = this.state = 0;

		var self = this;
		function t( gotoEnd ) {
			return self.step(gotoEnd);
		}

		t.elem = this.elem;

		if ( t() && jQuery.timers.push(t) && !timerId ) {
			timerId = setInterval(jQuery.fx.tick, 13);
		}
	},

	// Simple 'show' function
	show: function() {
		// Remember where we started, so that we can go back to it later
		this.options.orig[this.prop] = jQuery.style( this.elem, this.prop );
		this.options.show = true;

		// Begin the animation
		// Make sure that we start at a small width/height to avoid any
		// flash of content
		this.custom(this.prop === "width" || this.prop === "height" ? 1 : 0, this.cur());

		// Start by showing the element
		jQuery( this.elem ).show();
	},

	// Simple 'hide' function
	hide: function() {
		// Remember where we started, so that we can go back to it later
		this.options.orig[this.prop] = jQuery.style( this.elem, this.prop );
		this.options.hide = true;

		// Begin the animation
		this.custom(this.cur(), 0);
	},

	// Each step of an animation
	step: function( gotoEnd ) {
		var t = now(), done = true;

		if ( gotoEnd || t >= this.options.duration + this.startTime ) {
			this.now = this.end;
			this.pos = this.state = 1;
			this.update();

			this.options.curAnim[ this.prop ] = true;

			for ( var i in this.options.curAnim ) {
				if ( this.options.curAnim[i] !== true ) {
					done = false;
				}
			}

			if ( done ) {
				if ( this.options.display != null ) {
					// Reset the overflow
					this.elem.style.overflow = this.options.overflow;

					// Reset the display
					var old = jQuery.data(this.elem, "olddisplay");
					this.elem.style.display = old ? old : this.options.display;

					if ( jQuery.css(this.elem, "display") === "none" ) {
						this.elem.style.display = "block";
					}
				}

				// Hide the element if the "hide" operation was done
				if ( this.options.hide ) {
					jQuery(this.elem).hide();
				}

				// Reset the properties, if the item has been hidden or shown
				if ( this.options.hide || this.options.show ) {
					for ( var p in this.options.curAnim ) {
						jQuery.style(this.elem, p, this.options.orig[p]);
					}
				}

				// Execute the complete function
				this.options.complete.call( this.elem );
			}

			return false;

		} else {
			var n = t - this.startTime;
			this.state = n / this.options.duration;

			// Perform the easing function, defaults to swing
			var specialEasing = this.options.specialEasing && this.options.specialEasing[this.prop];
			var defaultEasing = this.options.easing || (jQuery.easing.swing ? "swing" : "linear");
			this.pos = jQuery.easing[specialEasing || defaultEasing](this.state, n, 0, 1, this.options.duration);
			this.now = this.start + ((this.end - this.start) * this.pos);

			// Perform the next step of the animation
			this.update();
		}

		return true;
	}
};

jQuery.extend( jQuery.fx, {
	tick: function() {
		var timers = jQuery.timers;

		for ( var i = 0; i < timers.length; i++ ) {
			if ( !timers[i]() ) {
				timers.splice(i--, 1);
			}
		}

		if ( !timers.length ) {
			jQuery.fx.stop();
		}
	},
		
	stop: function() {
		clearInterval( timerId );
		timerId = null;
	},
	
	speeds: {
		slow: 600,
 		fast: 200,
 		// Default speed
 		_default: 400
	},

	step: {
		opacity: function( fx ) {
			jQuery.style(fx.elem, "opacity", fx.now);
		},

		_default: function( fx ) {
			if ( fx.elem.style && fx.elem.style[ fx.prop ] != null ) {
				fx.elem.style[ fx.prop ] = (fx.prop === "width" || fx.prop === "height" ? Math.max(0, fx.now) : fx.now) + fx.unit;
			} else {
				fx.elem[ fx.prop ] = fx.now;
			}
		}
	}
});

if ( jQuery.expr && jQuery.expr.filters ) {
	jQuery.expr.filters.animated = function( elem ) {
		return jQuery.grep(jQuery.timers, function( fn ) {
			return elem === fn.elem;
		}).length;
	};
}

function genFx( type, num ) {
	var obj = {};

	jQuery.each( fxAttrs.concat.apply([], fxAttrs.slice(0,num)), function() {
		obj[ this ] = type;
	});

	return obj;
}
if ( "getBoundingClientRect" in document.documentElement ) {
	jQuery.fn.offset = function( options ) {
		var elem = this[0];

		if ( options ) { 
			return this.each(function( i ) {
				jQuery.offset.setOffset( this, options, i );
			});
		}

		if ( !elem || !elem.ownerDocument ) {
			return null;
		}

		if ( elem === elem.ownerDocument.body ) {
			return jQuery.offset.bodyOffset( elem );
		}

		var box = elem.getBoundingClientRect(), doc = elem.ownerDocument, body = doc.body, docElem = doc.documentElement,
			clientTop = docElem.clientTop || body.clientTop || 0, clientLeft = docElem.clientLeft || body.clientLeft || 0,
			top  = box.top  + (self.pageYOffset || jQuery.support.boxModel && docElem.scrollTop  || body.scrollTop ) - clientTop,
			left = box.left + (self.pageXOffset || jQuery.support.boxModel && docElem.scrollLeft || body.scrollLeft) - clientLeft;

		return { top: top, left: left };
	};

} else {
	jQuery.fn.offset = function( options ) {
		var elem = this[0];

		if ( options ) { 
			return this.each(function( i ) {
				jQuery.offset.setOffset( this, options, i );
			});
		}

		if ( !elem || !elem.ownerDocument ) {
			return null;
		}

		if ( elem === elem.ownerDocument.body ) {
			return jQuery.offset.bodyOffset( elem );
		}

		jQuery.offset.initialize();

		var offsetParent = elem.offsetParent, prevOffsetParent = elem,
			doc = elem.ownerDocument, computedStyle, docElem = doc.documentElement,
			body = doc.body, defaultView = doc.defaultView,
			prevComputedStyle = defaultView ? defaultView.getComputedStyle( elem, null ) : elem.currentStyle,
			top = elem.offsetTop, left = elem.offsetLeft;

		while ( (elem = elem.parentNode) && elem !== body && elem !== docElem ) {
			if ( jQuery.offset.supportsFixedPosition && prevComputedStyle.position === "fixed" ) {
				break;
			}

			computedStyle = defaultView ? defaultView.getComputedStyle(elem, null) : elem.currentStyle;
			top  -= elem.scrollTop;
			left -= elem.scrollLeft;

			if ( elem === offsetParent ) {
				top  += elem.offsetTop;
				left += elem.offsetLeft;

				if ( jQuery.offset.doesNotAddBorder && !(jQuery.offset.doesAddBorderForTableAndCells && /^t(able|d|h)$/i.test(elem.nodeName)) ) {
					top  += parseFloat( computedStyle.borderTopWidth  ) || 0;
					left += parseFloat( computedStyle.borderLeftWidth ) || 0;
				}

				prevOffsetParent = offsetParent, offsetParent = elem.offsetParent;
			}

			if ( jQuery.offset.subtractsBorderForOverflowNotVisible && computedStyle.overflow !== "visible" ) {
				top  += parseFloat( computedStyle.borderTopWidth  ) || 0;
				left += parseFloat( computedStyle.borderLeftWidth ) || 0;
			}

			prevComputedStyle = computedStyle;
		}

		if ( prevComputedStyle.position === "relative" || prevComputedStyle.position === "static" ) {
			top  += body.offsetTop;
			left += body.offsetLeft;
		}

		if ( jQuery.offset.supportsFixedPosition && prevComputedStyle.position === "fixed" ) {
			top  += Math.max( docElem.scrollTop, body.scrollTop );
			left += Math.max( docElem.scrollLeft, body.scrollLeft );
		}

		return { top: top, left: left };
	};
}

jQuery.offset = {
	initialize: function() {
		var body = document.body, container = document.createElement("div"), innerDiv, checkDiv, table, td, bodyMarginTop = parseFloat( jQuery.curCSS(body, "marginTop", true) ) || 0,
			html = "<div style='position:absolute;top:0;left:0;margin:0;border:5px solid #000;padding:0;width:1px;height:1px;'><div></div></div><table style='position:absolute;top:0;left:0;margin:0;border:5px solid #000;padding:0;width:1px;height:1px;' cellpadding='0' cellspacing='0'><tr><td></td></tr></table>";

		jQuery.extend( container.style, { position: "absolute", top: 0, left: 0, margin: 0, border: 0, width: "1px", height: "1px", visibility: "hidden" } );

		container.innerHTML = html;
		body.insertBefore( container, body.firstChild );
		innerDiv = container.firstChild;
		checkDiv = innerDiv.firstChild;
		td = innerDiv.nextSibling.firstChild.firstChild;

		this.doesNotAddBorder = (checkDiv.offsetTop !== 5);
		this.doesAddBorderForTableAndCells = (td.offsetTop === 5);

		checkDiv.style.position = "fixed", checkDiv.style.top = "20px";
		// safari subtracts parent border width here which is 5px
		this.supportsFixedPosition = (checkDiv.offsetTop === 20 || checkDiv.offsetTop === 15);
		checkDiv.style.position = checkDiv.style.top = "";

		innerDiv.style.overflow = "hidden", innerDiv.style.position = "relative";
		this.subtractsBorderForOverflowNotVisible = (checkDiv.offsetTop === -5);

		this.doesNotIncludeMarginInBodyOffset = (body.offsetTop !== bodyMarginTop);

		body.removeChild( container );
		body = container = innerDiv = checkDiv = table = td = null;
		jQuery.offset.initialize = jQuery.noop;
	},

	bodyOffset: function( body ) {
		var top = body.offsetTop, left = body.offsetLeft;

		jQuery.offset.initialize();

		if ( jQuery.offset.doesNotIncludeMarginInBodyOffset ) {
			top  += parseFloat( jQuery.curCSS(body, "marginTop",  true) ) || 0;
			left += parseFloat( jQuery.curCSS(body, "marginLeft", true) ) || 0;
		}

		return { top: top, left: left };
	},
	
	setOffset: function( elem, options, i ) {
		// set position first, in-case top/left are set even on static elem
		if ( /static/.test( jQuery.curCSS( elem, "position" ) ) ) {
			elem.style.position = "relative";
		}
		var curElem   = jQuery( elem ),
			curOffset = curElem.offset(),
			curTop    = parseInt( jQuery.curCSS( elem, "top",  true ), 10 ) || 0,
			curLeft   = parseInt( jQuery.curCSS( elem, "left", true ), 10 ) || 0;

		if ( jQuery.isFunction( options ) ) {
			options = options.call( elem, i, curOffset );
		}

		var props = {
			top:  (options.top  - curOffset.top)  + curTop,
			left: (options.left - curOffset.left) + curLeft
		};
		
		if ( "using" in options ) {
			options.using.call( elem, props );
		} else {
			curElem.css( props );
		}
	}
};


jQuery.fn.extend({
	position: function() {
		if ( !this[0] ) {
			return null;
		}

		var elem = this[0],

		// Get *real* offsetParent
		offsetParent = this.offsetParent(),

		// Get correct offsets
		offset       = this.offset(),
		parentOffset = /^body|html$/i.test(offsetParent[0].nodeName) ? { top: 0, left: 0 } : offsetParent.offset();

		// Subtract element margins
		// note: when an element has margin: auto the offsetLeft and marginLeft
		// are the same in Safari causing offset.left to incorrectly be 0
		offset.top  -= parseFloat( jQuery.curCSS(elem, "marginTop",  true) ) || 0;
		offset.left -= parseFloat( jQuery.curCSS(elem, "marginLeft", true) ) || 0;

		// Add offsetParent borders
		parentOffset.top  += parseFloat( jQuery.curCSS(offsetParent[0], "borderTopWidth",  true) ) || 0;
		parentOffset.left += parseFloat( jQuery.curCSS(offsetParent[0], "borderLeftWidth", true) ) || 0;

		// Subtract the two offsets
		return {
			top:  offset.top  - parentOffset.top,
			left: offset.left - parentOffset.left
		};
	},

	offsetParent: function() {
		return this.map(function() {
			var offsetParent = this.offsetParent || document.body;
			while ( offsetParent && (!/^body|html$/i.test(offsetParent.nodeName) && jQuery.css(offsetParent, "position") === "static") ) {
				offsetParent = offsetParent.offsetParent;
			}
			return offsetParent;
		});
	}
});


// Create scrollLeft and scrollTop methods
jQuery.each( ["Left", "Top"], function( i, name ) {
	var method = "scroll" + name;

	jQuery.fn[ method ] = function(val) {
		var elem = this[0], win;
		
		if ( !elem ) {
			return null;
		}

		if ( val !== undefined ) {
			// Set the scroll offset
			return this.each(function() {
				win = getWindow( this );

				if ( win ) {
					win.scrollTo(
						!i ? val : jQuery(win).scrollLeft(),
						 i ? val : jQuery(win).scrollTop()
					);

				} else {
					this[ method ] = val;
				}
			});
		} else {
			win = getWindow( elem );

			// Return the scroll offset
			return win ? ("pageXOffset" in win) ? win[ i ? "pageYOffset" : "pageXOffset" ] :
				jQuery.support.boxModel && win.document.documentElement[ method ] ||
					win.document.body[ method ] :
				elem[ method ];
		}
	};
});

function getWindow( elem ) {
	return ("scrollTo" in elem && elem.document) ?
		elem :
		elem.nodeType === 9 ?
			elem.defaultView || elem.parentWindow :
			false;
}
// Create innerHeight, innerWidth, outerHeight and outerWidth methods
jQuery.each([ "Height", "Width" ], function( i, name ) {

	var type = name.toLowerCase();

	// innerHeight and innerWidth
	jQuery.fn["inner" + name] = function() {
		return this[0] ?
			jQuery.css( this[0], type, false, "padding" ) :
			null;
	};

	// outerHeight and outerWidth
	jQuery.fn["outer" + name] = function( margin ) {
		return this[0] ?
			jQuery.css( this[0], type, false, margin ? "margin" : "border" ) :
			null;
	};

	jQuery.fn[ type ] = function( size ) {
		// Get window width or height
		var elem = this[0];
		if ( !elem ) {
			return size == null ? null : this;
		}
		
		if ( jQuery.isFunction( size ) ) {
			return this.each(function( i ) {
				var self = jQuery( this );
				self[ type ]( size.call( this, i, self[ type ]() ) );
			});
		}

		return ("scrollTo" in elem && elem.document) ? // does it walk and quack like a window?
			// Everyone else use document.documentElement or document.body depending on Quirks vs Standards mode
			elem.document.compatMode === "CSS1Compat" && elem.document.documentElement[ "client" + name ] ||
			elem.document.body[ "client" + name ] :

			// Get document width or height
			(elem.nodeType === 9) ? // is it a document
				// Either scroll[Width/Height] or offset[Width/Height], whichever is greater
				Math.max(
					elem.documentElement["client" + name],
					elem.body["scroll" + name], elem.documentElement["scroll" + name],
					elem.body["offset" + name], elem.documentElement["offset" + name]
				) :

				// Get or set width or height on the element
				size === undefined ?
					// Get width or height on the element
					jQuery.css( elem, type ) :

					// Set the width or height on the element (default to pixels if value is unitless)
					this.css( type, typeof size === "string" ? size : size + "px" );
	};

});
// Expose jQuery to the global object
window.jQuery = window.$ = jQuery;

})(window);
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Unit I2 Mathematical language 


Exercise 1.25 For each of the sets A and B below, determine whether 
A = B. 


(a) A = {1, −1, 2} and B = {x ∈ R : x3 − 2x2 − x + 2  =  0}. 
(b) A = {(2 cos t, 3 sin  t) :  t ∈ [0, 2π]} and 


2 2 


B = {(x, y) ∈ R2 : 
x


+ 
y


= 1}.
4 9 


(c) A = {x ∈ R : x = 
p 
, where p, q ∈ N} and B = Q. 


q 


Exercise 1.26 For each of the sets A and B below, find A ∪ B, A ∩ B and 
A − B. 


(a) A = {0, 2, 4} and B = {4, 5, 6}. 
(b) A = (−5, 3] and B = [2, 17]. 


(c) A = {(x, y) ∈ R2 : x2 + y2 ≤ 1} and B = {(x, y) ∈ R2 : x2 + y2 ≤ 4}. 


2 Functions 


After working through this section, you should be able to: 


(a) determine the image of a given function; 
(b) determine whether a given function is one-one and/or onto; 
(c) find the inverse of a given one-one function; 
(d) find the composite of two given functions. 


2.1 What is a function? 
In the previous unit we concentrated on real functions—that is, functions 
whose domains and codomains are subsets of R. You can think of these 
functions as machines for processing real numbers. For example, the real 
function defined by f (x) =  1/x can be regarded as a machine that 


∗ of f can Recall from Subsection 1.1 that 


1 
3 −


comes −1 
2 R


calculates the reciprocals of non-zero real numbers. When 3 is fed into the 
machine, out comes the number ; when  2 is fed into the machine, out 


; and so on. Indeed, any real number in the domain 
∗be processed by the machine to produce a real number in the codomain.	 R denotes the set of non-zero 


real numbers, R − {0}. 


Now imagine a machine that accepts an element x from a set A (not 
necessarily a subset of R), and processes it to produce a unique element 
f (x) in  a  set  B (again not necessarily a subset of R). By dropping the 
requirement that the machine processes and produces real numbers, we 
obtain the following more general definition of a function. 
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Section 2 Functions 


Definitions A function f is defined by specifying: 
• a set  A, called the  domain of f ; 
• a set  B, called  the  codomain of f ; 
• a rule x � −→ f (x) that associates with each element x ∈ A a



unique element f (x) ∈ B.



The element f (x) is the  image of x under f .



Symbolically, we write



f : A −→ B



x �
−→ f (x). 


We often refer to a function as a mapping, and say that f maps A to B 
and x to f (x). 


Since the domain A and the codomain B are no longer restricted to be sets 
of real numbers, we can now study many types of function in addition to 
the real functions that you met in Unit I1. We present a few examples. 


Distance function 
Functions of the form f : R2 −→ R can be used to specify quantities 
associated with points in the plane. For example, the function 


f : R2 −→ R 
2(x, y) � −→ x2 + y


gives the distance of each point (x, y) in the plane from the origin. 


Parametrisations 
In Unit I1, Section 5, you saw that functions of the form f : I −→ R2 , 
where I is an interval of R, can be used to parametrise curves in the plane. 
For example, the function 


f : [0, 2π] −→ R2



t �
−→ (cos t, sin t) 


is a parametrisation of the unit circle. 


Transformations of the plane 
Functions that have a geometric interpretation are often called 
transformations. Such functions include translations, reflections and 
rotations of the plane. We now present some simple examples. For each 
one, we give a diagram which shows the effect of the transformation on the 
square whose vertices are at (0, 0), (1, 0), (1, 1) and (0, 1); part of the 
square is shaded for clarity. 


These types of transformation 
were introduced in Unit I1, 
Section 1, Frames 10, 18 and 20. 
You will study more complicated 
transformations in the Linear 
Algebra Block. 
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Unit I2 Mathematical language 


The transformation 


f : R2 −→ R2



(x, y) �
−→ (x + 2, y) 


is a translation of the plane that shifts (or translates) each point to the 
right by 2 units. 


The transformation 


f : R2 −→ R2



(x, y) �
−→ (− x, y) 


is a reflection of the plane in the y-axis. 


The transformation 


f : R2 −→ R2



(x, y) �
−→ (− x, − y) 


is a rotation of the plane through π about the origin. 


Exercise 2.1 For each of the following functions f : R2 −→ R2, state 
whether f is a translation, reflection or rotation of the plane. 


(a) f(x, y) = (x + 2, y  + 3)  For simplicity, we write f(x, y) 


(b) f(x, y) = (x, − y) instead of f((x, y)). 


(c) f(x, y) = (− y, x) 
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Functions on finite sets 
It is often useful to consider a function whose domain is a finite set. For 
example, we can define a function whose domain is the set 


A = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 


by 


f : A −→ A



x �
−→ 9 − x. 


When the domain of a function f has a small number of elements, we can 
specify the rule of f by listing the image f(x) of each  element  x in the 
domain. For example, let A = { 0, 1, 2, 3} and B = { 2, 3, 4, 5} ; then  we  can  
define a function f : A −→ B by the rule 


f(0) = 2, f(1) = 2, f(2) = 4, f(3) = 5. 


We can represent the behaviour of this function by a diagram, as shown 
below. 


There is exactly one arrow from each element in the domain, since each For example, for this function, 3 
element in the domain has exactly one image in the codomain. There may is not an image at all, 5 is the 


be no arrows, one arrow or several arrows going to an element in the image of 3 only, and 2 is the 


codomain, since an element in the codomain may not be an image at all, image of both 0 and 1. 


may be an image of exactly one element in the domain, or may be an 
image of several elements in the domain. 


Exercise 2.2 Which of the following diagrams correspond(s) to a

function?



Identity functions 
Associated with any set A, there is a particularly simple function whose 
domain and codomain are the set A. This is the identity function iA which We sometimes omit the 
maps each element of A to itself. subscript A if we do not need to 


emphasise the set. 
For example, let A = { 0, 1, 2, 3} ; then the rule of the identity function is 


iA(0) = 0, iA(1) = 1, iA(2) = 2, iA(3) = 3. 


The following definition applies to any set A, finite or infinite. 
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Definition The identity function on a set A is the function 


iA : A −→ A



x �
−→ x. 


2.2 Image of a function 
The rule associated with a function tells us how to find the image of any 
element in the domain. Often, however, we need to consider the images of 
a whole subset of elements drawn from the domain; for example, in 
geometry, we frequently wish to consider the effect of a transformation on 
a plane figure, a subset of R2 . 


Definition Given a function f : A −→ B, and a subset S of A, the  
image, or  image set, of  S under f , written f (S), is the set 


f (S) =  { f (x) :  x ∈ S} . 


For example, suppose that S is the square with vertices at (0, 0), (1, 0), 
(1, 1) and (0, 1), and we want to find the image of S under the function 


f : R2 −→ R2 


(x, y) � −→ (x + 2, y). 


This function is the translation of the plane which moves each point (x, y) 
to the right by 2. The image of S is therefore the square with vertices at 
f (0, 0) = (2, 0), f (1, 0) = (3, 0), f (1, 1) = (3, 1) and f (0, 1) = (2, 1). 


Sometimes we wish to consider the image of the whole domain of a 
function: this is referred to as the image, or image set, of the function. 


Definition The image, or  image set, of a function f : A −→ B is 
the set 


f (A) =  { f (x) :  x ∈ A} . 


The image of a function is a subset of its codomain. It need not be equal 
to the codomain because there may be some elements of the codomain that 
are not images of elements in the domain. 


When the domain of a function f has a small number of elements, we can 
find the image of f by finding the image of each element in the domain, 
and listing them to form a set. 


Example 2.1 Let A = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9} . 


Find the image of the function	 Recall that [x], the integer part 
of x, is the largest integer that is 


f : A −→ A	 less than or equal to x. For  
−→ 1	 example, [3.7] = 3, [3] = 3 and x � x .2 [− 3.7] = − 4. 
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Solution The images of the elements of A are 


f(0) = 0, f(1) = 0, f(2) = 1, f(3) = 1, f(4) = 2, 
f(5) = 2, f(6) = 3, f(7) = 3, f(8) = 4, f(9) = 4. 


So the image of f is f(A) =  { 0, 1, 2, 3, 4} . 


Exercise 2.3 Let A = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9} . 


Find the image of the function 


f : A −→ A



x �
−→ 9 − x. 


In Exercise 2.3 you should have found that the image and the codomain 
coincide. In other words, each element of the codomain is the image of an 
element in the domain. A function with this property is said to be onto. 


Definition A function f : A −→ B is onto if f(A) =  B. 


Exercise 2.4 Which of the following diagrams correspond(s) to an 
onto function? 


Example 2.2 For each of the following functions, find its image and 
determine whether it is onto. Some texts refer to an onto 


(a)	 f : R −→ R (b) f : R −→ R (c) f : R2 −→ R2 function as a surjective function. 


−→ 2x − 5 x � −→ (x + 1, y + 2)  x �	 −→ x2 (x, y) � 
(d)	 f : A−→ A, where A = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 


x � −→ 1 x2 


Solution 


(a)	 The sketch of the graph of f shown in the margin suggests that the 
image of f is the whole of R. To confirm this, we prove algebraically 
that f(R) =  R. 


We know that f(R) ⊆ R, so we must show that f(R) ⊇ R. 


Let y be an arbitrary element in R. We must show that y ∈ f(R); that

is, there exists an element x in the domain R such that



f(x) =  y; that  is, 2x − 5 =  y. 


Rearranging this equation, we obtain



y + 5 

x = 


2 
. 


This is in R and satisfies f(x) =  y, as required. Thus f(R) ⊇ R. In this solution, we use ⊇ , 
rather than ⊆ , so that the image 


Since f(R) ⊆ R and f(R) ⊇ R, it follows that f(R) =  R, so the image is always on the left and the 
of f is indeed R. codomain on the right. 


The codomain of f is also R, so  f is onto. 
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(b)	 The sketch of the graph of f shown in the margin suggests that the 
image of f is [0, ∞ ). We now prove algebraically that f(R) = [0, ∞ ). 


Let x be an arbitrary element in the domain R; then  f(x) =  x2 ≥ 0, so

f(R) ⊆ [0, ∞ ).



We must show that f(R) ⊇ [0, ∞ ). 


Let y be an arbitrary element in [0, ∞ ). We must show that there 
exists an element x in the domain R such that 


2f(x) =  y; that  is, x  = y. 
√


Now x = y R (since y ≥ f(x) =  yis in 0) and satisfies , as required. 
Thus f(R) ⊇ [0, ∞ ).	 Alternatively, we could choose √ 
Since f(R) ⊆ [0, ∞ ) and  f(R) ⊇ [0, ∞ ), it follows that f(R) = [0, ∞ ), the real number x = − y, 


so the image of f is [0, ∞ ), as expected. which also satisfies f(x) =  y. 


The interval [0, ∞ ) is not the whole of the codomain, so f is not onto. 


(c)	 This function is a translation of the plane that shifts each point to the 
right by 1 unit and up by 2 units. This suggests that f(R2) =  R2 . 


We know that f(R2) ⊆ R2, so we must show that f(R2) ⊇ R2 . 


Let (x , y′) be an arbitrary element in the codomain R2 . We must 
show that there exists an element (x, y) in the domain R2 such that 


f(x, y) = (x , y  ′); that is, x = x + 1, y  ′ = y + 2. 


Rearranging these two equations, we obtain 


x = x ′ − 1, y  = y ′ − 2. 


With these values, (x, y) ∈ R2 and f(x, y) = (x , y′), as required. Thus 
f(R2) ⊇ R2 . 


Since f(R2) ⊆ R2 and f(R2) ⊇ R2, it follows that f(R2) =  R2, so  the  
image of f is R2, as expected. 


The codomain of f is also R2, so  f is onto. 


(d)	 In Example 2.1, we showed that the image of this function is 
{ 0, 1, 2, 3, 4} . This is not the whole of the codomain, so f is not 
onto. 


Exercise 2.5 For each of the following functions, find its image and 
determine whether it is onto. 


(a)	 f : R −→ R (b) f : R2 −→ R2



−→ 1 +  x2 (x, y) �
x �	 −→ (x, − y) 


2.3 Inverse functions 
Given a function 


f : A −→ B



x �
−→ f(x), 


it is sometimes possible to define an inverse function that ‘undoes’ the 
effect of f by mapping each image element f(x) back to the element x 
whose image it is. For example, a rotation can be ‘undone’ by a rotation in 
the opposite direction. 
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However, consider the function 


f : A −→ A, where A = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9} , 


x � −→ 1 x .2 


We know that f(2) = f(3) = 1, and so a function that ‘undoes’ the effect 
of f must map the number 1 to the number 2 and to the number 3, which 
is impossible. Thus, in this case, no inverse function exists. This function 
f is an example of a function that is many-one. A many-one function does 
not have an inverse function. 


Definitions A function f : A −→ B is one-one if each element of

f(A) is the image of exactly one element of A; that is,



if x1, x2 ∈ A and f(x1) =  f(x2), then x1 = x2.



A function that is not one-one is many-one.



Remark Thus a function f is one-one if it maps distinct elements in the 
domain A to distinct elements in the image f(A). 


To prove that a function f is not one-one, it is sufficient to find a single 


Some texts refer to a one-one 
function as an injective function. 


We write x1, x2 ∈ A as 
shorthand for x1 ∈ A and 
x2 ∈ A. 


The term ‘one-one’ is often read 
as ‘one to one’; similarly 
‘many-one’ is often read as 
‘many to one’. 


counter-example—that is, a pair of distinct elements in the domain A with 
the same image in f(A). 


Exercise 2.6 Which of the following diagrams correspond(s) to a 
one-one function? 


Example 2.3 Determine which of the following functions are one-one. 


(a)	 f : R −→ R (b) f : R −→ R (c) f : R2 −→ R2 


−→ 2x − 5 x � −→ (x + 1, y  + 2)  x �	 −→ x2 (x, y) � 
Solution 


(a)	 The graph suggests that f is one-one. We now prove this algebraically. 
Suppose that f(x1) =  f(x2); then 


2x1 − 5 =  2x2 − 5, 


so 2x1 = 2x2, and hence x1 = x2. 


Thus f is one-one. 


(b)	 The graph suggests that f is not one-one. To show that f is not 
one-one, we just need to find two distinct points in the domain of f 
with the same image. For example, 


f(2) = f(− 2) = 4, 


so f is not one-one. 
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(c)	 This function is a translation of the plane, and so we expect it to be 
one-one. We now prove this algebraically. 


Suppose that f(x1, y1) =  f(x2, y2); then 


(x1 + 1, y1 +  2) = (x2 + 1, y2 + 2). 


Thus 


x1 + 1  =  x2 + 1  and  y1 + 2  =  y2 + 2,

so x1 = x2 and y1 = y2.



Hence (x1, y1) = (x2, y2), so f is one-one. 


Exercise 2.7 Determine which of the following functions is one-one. 


(a)	 f : R −→ R (b) f : R2 −→ R2



−→ 1 +  x2 (x, y) �
x �	 −→ (x,− y) 


For a one-one function f : A −→ B, we have the situation illustrated in the 
margin. Each element y in f(A) is the image of a unique element x in A, 
and so we can reverse the arrows to obtain the inverse function f−1, with  
domain f(A) and  image  A, which maps y back to x. 


Definition Let f : A −→ B be a one-one function. Then f has an 
inverse function f−1 : f(A) −→ A, with rule  


f−1(y) =  x, where y = f(x). 


A function f : A −→ B that is both one-one and onto has an inverse 
function f−1 : B −→ A. Such a function f is said to be a one-one 
correspondence, or a  bijection, between the sets A and B. 


Example 2.4 For each of the following functions, determine whether f 
has an inverse function f−1; if it exists, find it. 


(a)	 f : R −→ R (b) f : R −→ R (c) f : R2 −→ R2 


−→ 2x − 5 x � −→ (x + 1, y  + 2)  x �	 −→ x2 (x, y) � 
(d)	 f : A−→ A [ where A = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9} . 


x � −→ 1 x2 


Solution 


(a)	 In Example 2.3(a), we showed that f is one-one, so f has an inverse 
function. 


In Example 2.2(a), we showed that the image of f is R and that, for

each y in the image R, we  have 



y + 5  
y = f 


2 
. 


So f−1 is the function 


f−1 : R −→ R 


−→ 
y + 5  


y � 
2 


. 


This definition can be expressed in terms of x as It does not matter whether the 
definition of f−1 is expressed in 


f−1 : R −→ R terms of x or y, but it is more 
x + 5  usual to use x in the definition 


x � −→ 
2 


.	 of a real function. 
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(b)	 In Example 2.3(b), we showed that f is not one-one, so f does not 
have an inverse function. 


(c)	 In Example 2.3(c), we showed that f is one-one, so f has an inverse  
function. 


In Example 2.2(c), we showed that the image of f is R2 and that, for 
each (x , y′) in the  image  R2, we  have 	 Geometrically, f is the 


translation of the plane that 
(x , y  ′) =  f(x ′ − 1, y  ′ − 2). shifts each point to the right by 


So f−1 is the function 1 unit and up by 2 units. Since 
f−1 undoes the effect of f , the  


f−1 : R2 −→ R2 inverse f−1 is the translation 


(x , y  ′) � that shifts each point to the left −→ (x ′ − 1, y  ′ − 2). by 1 unit and down by 2 units. 
This definition can be expressed in terms of x and y as 


f−1 : R2 −→ R2 


(x, y) � −→ (x − 1, y  − 2). 


(d)	 At the beginning of this subsection, we showed that f is not one-one, 
so f does not have an inverse function. 


Exercise 2.8 For each of the following functions, determine whether

f has an inverse function f−1; if it exists, find f−1 .



(a)	 f : R −→ R (b) f : R2 −→ R2 (c) f : R −→ R

−→ 1 +  x2 (x, y) � −→ 8x + 3 
x �	 −→ (x,− y) x � 


Hint: For parts (a) and (b), use your answers to Exercises 2.5 and 2.7. 


Restrictions 
When given a function f : A −→ B, it  is often convenient  to restrict  
attention to the behaviour of f on some subset C of A. For example, 
consider the function 


f : R −→ R



x �
−→ x 2 . 


This function is not one-one and so does not have an inverse function. 
However, if the domain of f is replaced by the set C = [0,∞ ), then we 
obtain a related function 


g : C −→ R



x �
−→ x 2 . 


The rule is the same as for f , but the domain is ‘restricted’ to produce a

new function g that is one-one and so has an inverse.



The function g is an example of a restriction of f in the sense that

g(x) =  f(x) for all x in the domain of g.



More generally, we define a restriction as follows.



Definition Let f : A −→ B and let C be a subset of the domain A. 
Then the function g : C −→ B defined by 


g(x) =  f(x), for x ∈ C, 


is the restriction of f to C. 
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Exercise 2.9 Let f be the function 


f : R −→ R



x �
−→ | x| .

Write down a restriction of f that is one-one.



2.4 Composite functions 
Earlier, we described how a function may be regarded as a machine that 
processes elements in the domain to produce elements in the codomain. 
Now suppose that two such machines are linked together, so that the 
elements emerging from the first machine are fed into the second machine 
for further processing. The overall effect is to create a new ‘composite’ 
machine that corresponds to a so-called composite function. 


Consider the real functions 
f : R −→ R and 


g : R −→ R

−→ x2 x �
x � −→ 2x − 5. 


When the machines for f and g are linked together so that objects are first 
processed by f and then by  g, we obtain the ‘composite’ machine 
illustrated by the dark blue box in the diagram below. 


For example, when 2 is fed into the machine, it is first squared by f to 
produce the number 4, and then 4 is processed by g to give the number 
(2 × 4) − 5 = 3.  


Similarly, when an arbitrary real number x is fed into the machine, it is 
2first processed by f to give the real number x . Since the domain of g is 


the whole of R, the  number  x2 can then be processed by g to give 2x2 − 5. 
Thus, overall, the composite machine corresponds to a function, denoted 
by g ◦ f , whose rule is 


(g ◦ f)(x) =  g(f(x)) = 2x 2 − 5 


and whose domain is R. 


In general, if f : A −→ B and g : B −→ C, then we can form the composite 
function 


g ◦ f : A −→ C



x �
−→ g(f(x)). 


Exercise 2.10 Let f and g be the functions 


f : R −→ R and 
g : R −→ R



−→ − x x �
x � −→ 3x + 1.



Determine the composite functions



(a) g ◦ f ,  (b)  f ◦ g. 


The composite functions g ◦ f and f ◦ g are not equal in general, as you 
saw in the above exercise. 


Remember that g ◦ f means 
f first, then g. 


Here the domain of the function 
g : B −→ C is  the same as the  
codomain of the function 
f : A −→ B. 
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Composite functions have many uses in mathematics. In geometry, they 
are frequently used to examine the effect of one transformation of the 
plane followed by another. 


Suppose, for example, that f and g are the reflections of the plane in the 
x-axis and y-axis respectively: 


f : R2 −→ R2 g : R2 −→ R2 
and −→ (x, − y) (x, y) �(x, y) � −→ (− x, y). 


The composite function g ◦ f describes the overall effect of first reflecting 
in the x-axis (changing the sign of y) and then reflecting in the y-axis 
(changing the sign of x). 


The rule of  g ◦ f is 


(g ◦ f )(x, y) =  g(f (x, y)) = g(x, − y) 
= (− x, − y). 


Thus g ◦ f is the function 


g ◦ f : R2 −→ R2 


(x, y) � −→ (− x, − y), 


which rotates the plane through π about the origin. 


For example, a square is transformed as follows. 


Exercise 2.11 Determine the composite function f ◦ g of the 
following transformations of the plane: 


f : R2 −→ R2 g : R2 −→ R2 


and −→ (x, − y) (x, y) �(x, y) � −→ (− x, y). 


So far, we have considered the composite function g ◦ f only when the 
domain of the function g : B −→ C is the same as the codomain of the 
function f : A −→ B. We can, however, form the composite function g ◦ f 
when g and f are any two functions. 
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For example, consider the functions 


g : R − {  1}−→  Rf : R −→ R and 1 −→ x2 x �x � −→ . 
x − 1 


Here the domain of g is not equal to the codomain of f , but we can still 
consider the composite function g ◦ f , with the rule 


1
(g ◦ f )(x) =  g(f(x)) = g(x 2) =  . 


x2 − 1 


In this case, the domain of g ◦ f cannot be R (the domain of f ) since  1  
and − 1 are both mapped by f to the number 1, which is not in the domain 
of g; this means that no further processing is possible. 


To overcome this difficulty, we take the domain of g ◦ f to be the difference

R − {  1, − 1} . So the composite function g ◦ f is 


g ◦ f : R − {  1, − 1} −→  R

1



x � −→ 
x2 − 1 


. 


The general situation is illustrated below. Given any two functions 
f : A −→ B and g : C −→ D, the rule of the composite function g ◦ f is 


(g ◦ f )(x) =  g(f(x)). 


The domain of g ◦ f consists of all those elements x in A for which f (x) 
lies in C (the domain of g). The codomain of g ◦ f is defined to be D (the 
codomain of g). 


Definition Let f : A −→ B and g : C −→ D be any two functions; 
then the composite function g ◦ f has 


domain { x ∈ A : f (x) ∈ C} , 


codomain D, 


rule (g ◦ f )(x) =  g(f(x)). 


In the example on page 32, the domain of g ◦ f is  just the  set of values for  
which the rule of g ◦ f is defined. This is not the case in the following 
exercise. 


This definition allows us to 
consider the composite of any 
two functions, although in some 
cases the domain may turn out 
to be the empty set ∅. Some  
authors insist upon f(A) ⊆ C as 
a condition for g ◦ f to exist. 
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Exercise 2.12 Determine the composite function g ◦ f for the 
following functions f and g: 


f : [− 1, 1] −→ R g : R − {  −  2}−→  R

x �
−→ 3x + 1 and 3 


x � −→ 
x + 2  


. 


Composites and inverses 
Suppose that f : A −→ B is a one-one and onto function. Then f has an 
inverse function f −1 : B −→ A. We can therefore consider the effect that 
the composite function f −1 ◦ f : A −→ A has on an arbitrary element x 
in A. First, f maps x to an element y = f (x) in  f (A). Then f −1 ‘undoes’ 
the effect of f and maps y back to x. Overall, the effect of f −1 ◦ f is to 
leave x fixed: that is, (f −1 ◦ f )(x) =  x. Since  x is an arbitrary element 
of A, it follows that f −1 ◦ f fixes all the elements of A. In other words, 
f −1 ◦ f = iA. 


Similar arguments can be used to show that f ◦ f −1 = iB . So,  if  
f : A −→ B has an inverse function f −1 : B −→ A, then  


f −1 ◦ f = iA and f ◦ f −1 = iB . 


The converse of this statement is also true: if a function g : B −→ A 
satisfies 


g ◦ f = iA and f ◦ g = iB , 


then g is the inverse function of f . We shall prove this after Exercise 2.13. 
It leads to the following strategy. 


Strategy 2.1 To show that the function g : B −→ A is the inverse

function of the function f : A −→ B.



1. Show that f (g(x)) = x for each x ∈ B; that is, f ◦ g = iB . 


2. Show that g(f (x)) = x for each x ∈ A; that is, g ◦ f = iA. 


In practice, we can sometimes use Strategy 2.1 as an alternative way of 
finding an inverse function. We make an inspired guess at the function, 
and use Strategy 2.1 to check that our guess is correct. 


Example 2.5 Find the inverse of the function 


g : R −→ R



x �
−→ 1 x.2 


Solution We guess that the inverse function is 


f : R −→ R



x �
−→ 2x. 


We use Strategy 2.1 to check that our guess is correct. 
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1.	 For each x ∈ R, we have  


f (g(x)) = f ( 1 x) = 2  × 2 
1 x = x;2 


that is, f ◦ g = iR. 


2.	 For each x ∈ R, we have  


g(f (x)) = g(2x) =  1 × 2x = x;2 


that is, g ◦ f = iR. 


Since f ◦ g = iR and g ◦ f = iR, it follows that g is the inverse function 
of f . 


Exercise 2.13 Use Strategy 2.1 to show that 


g : R −→ R



x �
−→ x − 3



is the inverse function of



f : R −→ R



x �
−→ x + 3. 


We end this section by proving, as promised, that if the functions 
f : A −→ B and g : B −→ A satisfy 


g ◦ f = iA and f ◦ g = iB , 


then g is the inverse function of f . That is, we have to show that if the two 
steps of Strategy 2.1 hold, then f has an inverse function, and the inverse 
function is equal to g. Suppose that the two steps of Strategy 2.1 hold. 


First we show that f is one-one. Suppose that f (x1) =  f (x2); then 


g(f (x1)) = g(f (x2)), 


so, by step 2, x1 = x2. Thus  f is one-one and so it has an inverse

function f −1 .



Now we find the image of f . We know that the image of f is a subset of its

codomain B; we shall show that it is equal to B by showing that every

element y of B is the image under f of some element in A. Suppose that

y ∈ B. Then, by step 1,



f (g(y)) = y; 


that is, y is the image under f of the element g(y), as required. Thus the 
image of f is B (that is, f is onto), and so f −1 has domain B. 


We now know that each of the functions f −1 and g has domain B and 
codomain A. To show that they are equal, it remains to show that 
g(y) =  f −1(y) for each element y of B. Let  y be an arbitrary element of B. 
Then y = f (x) for some element x of A. So  


f −1(y) =  x, 


and, by step 2, 


g(y) =  g(f (x)) = x. 


Hence f −1 and g are indeed equal functions. 
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Section 3 The language of proof 


Further exercises 
Exercise 2.14 For each of the following transformations f : R2 −→ R2 , 
state whether f is a translation, reflection or rotation of the plane. 


(a) f(x, y) = (y, − x)  (b)  f(x, y) = (x − 2, y  + 1)  


Exercise 2.15 Draw a diagram showing the image of T , the triangle with 
vertices at (0, 0), (1, 0) and (1, 1), under each of the functions f of 
Exercise 2.14. 


Exercise 2.16 For each of the following functions, find its image and 
determine whether it is onto. 


(a)	 f : R2 −→ R2 (b) f : R −→ R 
−→ (− y, x) x �(x, y) �	 −→ 7 − 3x 


(c)	 f : R −→ R (d) f : [0, 1] −→ R 
−→ x2 − 4x + 3  x �x �	 −→ 2x + 3  


Exercise 2.17 Determine which of the functions in Exercise 2.16 are 
one-one. 


Exercise 2.18 Determine which of the functions in Exercise 2.16 has an 
inverse, and find the inverse f−1 for each one which does. 


Exercise 2.19 Determine the composite f ◦ g for each of the following 
pairs of functions f and g. 


(a)	 f : R −→ R and g : R − {  2, − 2}−→  R 
x � −→ 7 − 3x	 1 


x � −→ 
x2 − 4 


. 


(b) f : R2 −→ R2 g : R2 −→ R2 
and −→ (− y, x) (x, y) �(x, y) �	 −→ (y, x). 


3 The language of proof 


After working through this section, you should be able to: 


(a) understand what is asserted by various types of mathematical

statements, in particular implications and equivalences;



(b) produce simple proofs of various types, including direct proof, proof

by induction, proof by contradiction and proof by contraposition;



(c) read and understand the logic of more complex proofs; 
(d) disprove a simple false implication by providing a counter-example. 


You will have seen many examples of mathematical statements, theorems 
and proofs during your study of mathematics. In this section we examine 
these concepts more closely. This should help you to become more adept 
at reading and understanding mathematics, and should make you more 
familiar with the structures of various different types of mathematical 
proof. It should also help you to express your own mathematical thoughts 
and ideas more clearly. 
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Unit I2 Mathematical language 


3.1 Statements and negations 
The building blocks of mathematical theorems and proofs are assertions 
called statements, also known as propositions. In mathematics, a 
statement is an assertion that is either true or false, though we may not 
know which. The following are examples of statements. 
1. The equation 2x − 3 = 0 has solution x =
 3


2 . 
2. 1 + 1 = 3. 
3.  1 + 3 + 5 +  · · · + (2n − 1) = n2 for each positive integer n. 
4. There is a real number x such that cos x = x. 
5. Every even integer greater than 2 is the sum of two prime numbers. 
6. x is greater than 0. 


In the above list, Statement 1 is true, and Statement 2 is false.

Statements 3 and 4 are in fact both true, although this is probably not

immediately obvious to you in either case. At the time of writing this unit,

it is not known whether Statement 5 is true or false.



Statement 6 is a little different from the others, since whether it is true or

false depends on the value of the variable x. A statement, such as this one,

that is either true or false depending on the value of one or more variables,

is called a variable proposition. When considering a variable proposition,

we must have in mind a suitable set of values from which the possible

values of the variable are taken. For example, the set associated with

Statement 6 might be R, since for each real number x the assertion is

either true or false. A variable proposition with several variables may have

several such associated sets.



Often the set or sets associated with a variable are clear from the context

and so we do not state them explicitly. In particular, unless it is stated

otherwise, it is conventional to assume that if the variable is x or y, then 

the associated set is R, whereas if the variable is n or m, then the

associated set is is Z or N, depending on the context. We follow this

convention in this section.



An example of an assertion that is not a mathematical statement is ‘{1, 2}

is greater than 0’, which is meaningless and therefore neither true nor

false. Other examples are ‘π is interesting’ and ‘1000 is a large number’,

which are not precise enough to be either true or false.



Statements can be combined in various ways to give more complicated

statements. For example, the statement



x is greater than 0 and x is an integer 


is true if both of the statements ‘x is greater than 0’ and ‘x is an integer’ 
are true, and false otherwise. Thus the combined statement is true if 
x = 4, for example, but false if x = 3.5. Similarly, the statement 


x is greater than 0 or x is an integer 


is true if at least one of the statements ‘x is greater than 0’ and ‘x is an 
integer’ is true, and false otherwise. Thus this combined statement is true 
if x = 4,  x = 3.5 or  x = −4, for example, but false if x = −3.5. 


Every statement has a related statement, called its negation, which  is  
true when the original statement is false, and false when the original 
statement is true. The negation of a statement P can usually be written as 
‘it is not the case that P ’, but there are often better, more concise ways to 
express it. Thus, for example, the negation of the statement ‘x is greater 
than 0’ can be written as ‘it is not the case that x is greater than 0’, but is 


We shall prove that Statement 3 
is true later in this section. You 
can check that Statement 4 is 
true by noting that the graphs 
of y = cos  x and y = x intersect; 
a rigorous proof can be obtained 
by using the Intermediate Value 
Theorem, which is given later in 
the course. Statement 5 is 
known as Goldbach’s conjecture; 
mathematicians have been 
trying to prove it since 1742. 


The word ‘or’ is used in its 
inclusive sense in mathematical 
statements. 
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better expressed as ‘x is not greater than 0’ or even ‘x ≤ 0’. The process of 
finding the negation of a statement is called negating the statement. Here 
are some more examples. 


Example 3.1 Express concisely the negation of each of the following 
statements. 


(a)	 There is a real number x such that cos x = x. 


(b)	 Both x and y are integers. 


Solution 


(a)	 The negation is ‘it is not the case that there is an real number x such 
that cos x = x’; that is, ‘there is no real number x such that cos x = x’. 


(b)	 The negation is ‘it is not the case that both x and y are integers’; that 
is, ‘at least one of x and y is not an integer’. 


Exercise 3.1 Express concisely the negation of each of the following 
statements. 


(a)	 x = 5 
3 is a solution of the equation 3x + 5  =  0.  


(b)	 π is less than 5. 


(c) There is an integer that is divisible by 3 but not by 6. 


(d) Every real number x satisfies the inequality x2 ≥ 0. 


(e) The integers m and n are both odd. 


(f )	 At least one of the integers m and n is odd. 


A theorem is simply a mathematical statement that is true. However, we 
usually reserve the word for a statement that is considered to be of some 
importance, and whose truth is not immediately obvious, but instead has 
to be proved. A lemma is a ‘less important’ theorem that is useful when 
proving other theorems. A corollary is a theorem that follows from 
another theorem by a short additional argument. Theorems are sometimes 
called results. 


3.2 Implications and equivalences 
Many mathematical statements are of the form ‘if something, then 
something else’, for example: 


2if x > 2, then x > 4. 


This type of statement is called an implication. An implication is made 
up from two smaller statements, which in the example above are ‘x > 2’ 
and ‘x2 > 4’, and can be expressed by combining these statements using 
the words ‘if’ and ‘then’. In an implication ‘if P , then  Q’, the statement P 
is called the hypothesis of the implication, and the statement Q is called 
the conclusion. It is important to be clear about exactly what an 
implication asserts. The above statement asserts only that if you know that 
x > 2, then you can be sure that x2 > 4. It does not assert anything about 
the truth or falsity of ‘x2 > 4’ when x is not greater than 2. In general, the 
implication ‘if P , then  Q’ asserts that if P is true, then Q is also true; it 
does not assert anything about the truth or falsity of Q when P is false. 


Section 3 The language of proof 


Another way of expressing this 
negation is ‘for all real numbers 
x, cos  x �= x’. 


If the hypothesis P of an 
implication consists of several 
smaller statements, combined 
using ‘and’—for example, the 
implication might be expressed 
in the form ‘if P1, P2 and P3, 
then Q’—then  it is common to  
consider each of the smaller 
statements as a separate 
hypothesis, and to say that the 
implication has several 
hypotheses. Similarly, an 
implication can have several 
conclusions. 
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Unit I2 Mathematical language 


If x is a real variable, then the statement 
2if x > 2, then x > 4 


is true because for every real number x for which ‘x > 2’ is true, ‘x2 > 4’ is 
true also. Strictly speaking, this statement should be expressed as 


2for all x ∈ R, if  x > 2, then x > 4. 


However, it is conventional to omit the initial ‘for all x ∈ R’, and interpret 
the statement as if it were there. In general, throughout this course, and 
throughout almost any mathematical text that you will read, a statement 
of the form ‘if P , then  Q’ in which  P and/or Q are variable propositions is 
similarly interpreted as applying to all values of the variables in the 
statements P and Q. 


An implication does not have to be expressed using the words ‘if’ and 
‘then’—there are many other ways to convey the same meaning. The 
left-hand side of the table below lists some ways of expressing the 
implication ‘if P , then  Q’. The right-hand side gives similar examples, but 
for the particular implication ‘if x > 2, then x2 > 4’. 


Ways of writing Ways of writing 
‘if P , then  Q’  ‘if  x > 2, then x2 > 4’ 


P implies Q  x > 2 implies x2 > 4 


P ⇒ Q  x > 2 ⇒ x2 > 4 


Q whenever P x2 > 4 whenever x > 2 


(or: x2 > 4, for all x > 2) 
Q follows from P x2 > 4 follows from x > 2 


P is sufficient for Q  x > 2 is sufficient for x2 > 4 


Q is necessary for P x2 > 4 is necessary for x > 2 


P only if Q  x > 2 only if  x2 > 4 


Exercise 3.2 Rewrite each of the following statements in the form ‘if 
P , then  Q’. In each case, state whether you think the implication is 
true. You are not asked to justify your answers. 


(a) x2 − 2x + 1  =  0  ⇒ (x − 1)2 = 0.  
3(b) Whenever n is odd, so is n . 


(c) Every integer that is divisible by 3 is also divisible by 6. 


(d) x > 2 only if  x > 4. 


The converse of the implication ‘if P , then  Q’ is the implication ‘if Q, 
then P ’. For example, the converse of the implication 


2if x > 2, then x > 4 


is 
2if x > 4, then x > 2. 


In this example, the original implication is true, and its converse is false. It 
is also possible for an implication and its converse to be both true, or both 
false. In other words, knowledge of whether an implication is true or false 
tells you nothing at all about whether its converse is true or false. You 
should remember this important fact whenever you read or write 
implications. 


The symbol ⇒ is read as 
‘implies’. 


The form ‘P only if Q’ may  
seem strange at first; it asserts 
that the only circumstance in 
which P can  be true is if  Q is 
also true—that is, P implies Q. 


You will see how to prove or 
disprove statements like those in 
parts (b) and (c) formally later 
in this section. Whether the 
statement in part (a) is true or 
false may be established by 
algebraic manipulation. 


To see that the converse is false, 
consider, for example, x = −3. 
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To help you remember facts like this about statements, you may find it 
helpful to consider non-mathematical examples. For example, consider the 
implication ‘if Rosie is a sheep, then Rosie is less than two metres tall.’ 
This implication is true, but its converse, ‘if Rosie is less than two metres 
tall, then Rosie is a sheep’, certainly is not! 


Exercise 3.3 Write down the converse of each of the following 
statements about integers m and n. In each case, state whether you 
think the statement is true and whether you think the converse is 
true. You are not asked to justify your answers at this stage. 


(a) If m and n are both odd, then m + n is even. 


(b) If one of the pair m, n is even and the other is odd, then m + n is 
odd. 


The statement ‘if P , then  Q, and  if  Q, then  P ’, which asserts that the 
implication ‘if P , then  Q’ and its converse are both true, is usually 
expressed more concisely as ‘P if and only if Q’. Here are two examples. 
1. n is odd if and only if n2 is odd. 
2. x >  2 if and only if x2 > 4. 


Statements like these are called equivalences. Equivalence 1 above is 
true, because both implications are true, whereas equivalence 2 is false, 
because the implication ‘if x2 > 4, then x >  2’ is false. As with 
implications, there are many different ways to express equivalences. The 
table below lists some ways in which this can be done. 


Ways of writing Ways of writing 
‘P if and only if Q’ ‘n is odd if and only if n2 is odd’ 


Section 3 The language of proof 


‘P if Q’ means  ‘Q ⇒ P ’, and 
‘P only if Q’ means  ‘P ⇒ Q’. 


The symbol ⇔ is usually read as P ⇔ Q n is odd ⇔ n2 is odd 
‘if and only if’, or sometimes as 


P is equivalent to Q n is odd is equivalent to n2 is odd ‘is equivalent to’. 
P is necessary and sufficient for Q n  is odd is necessary and sufficient 


for n2 to be odd 


Exercise 3.4 For each of the following equivalences about integers, 
write down the two implications that it asserts, state whether you 
think each is true, and hence state whether you think the equivalence 
is true. You are not asked to justify your answers at this stage. 


(a) The product mn is odd if and only if both m and n are odd. 


(b) The product mn is even if and only if both m and n are even. 


Although a mathematical statement should normally be interpreted as 
meaning precisely what it says—no more and no less, there is one common 
exception to this rule. When giving a definition, we usually write ‘if’ when 
we really mean ‘if and only if’. For example, we write 


a function f : A −→ B is onto if f(A) =  B. 


3.3 Direct proof 
A proof of a mathematical statement is a logical argument that establishes 
that the statement is true. Here is a simple example. 


Example 3.2 Prove the following statement: 


If n is an odd number between 0 and 10, then n 2 is also odd. 
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Solution The odd numbers between 0 and 10 are 1, 3, 5, 7, and 9. The 
squares of these numbers are 1, 9, 25, 49 and 81, respectively, and these 
are all odd. 


In the above example, there were only a small number of possibilities to 
consider, and so it was easy to prove the statement by considering each 
one in turn. This method of proof is known as proof by exhaustion, 
because we exhaust all possibilities. In contrast, it is not possible to prove 
the statement ‘If n is an odd number, then n2 is also odd’ using proof by 
exhaustion, because there are infinitely many possibilities to consider. 
Most mathematical statements that you will come across cannot be proved 
by exhaustion, because there are too many possibilities to 
consider—usually infinitely many. Instead we must supply a general proof. 


Suppose that we wish to prove that the implication P ⇒ Q is true. We 
have to prove that whenever the statement P is true, the statement Q is 
also true. Often the best way to do this is to start out by assuming that P 
is true, and proceed as follows. If we know that the statement 


P ⇒ P1 


is true for some statement P1, then we can deduce that P1 is also true. 
Similarly, if we know that the statement 


P1 ⇒ P2 


is true for some statement P2, then we can deduce that P2 is also true. In 
this way we can build up a sequence of statements 


P,P1, P2, . . . ,  


each of which we know to be true under the assumption that P is true. The  
aim is to build up such a sequence 


P,P1, P2, . . . , Pn, Q,  


which leads to Q. If this can be achieved, then we have a proof of the 
implication P ⇒ Q. Here is an example. 


Example 3.3 Prove that if n is odd, then n2 is odd. 


Solution Let n be an odd integer. Then 


n = 2k + 1 for some integer k. 


Hence 


n 2 = (2k + 1)2 = (2k)2 + 2(2k) + 1  =  2(2k2 + 2k) + 1. 


This shows that n2 is an odd integer. 


In the above proof, statement P is ‘n is odd’, and we start by assuming 
that this is true. Statement P1 is ‘n = 2k + 1 for some integer k’, and so 
on. We use words like ‘then’ and ‘hence’ to indicate that one statement 
follows from another. 


Many of the true statements about odd and even integers that appeared in 
the exercises in the last subsection can be proved using ideas similar to 
those of the proof in Example 3.3; that is, we write an odd integer as 
2 × some integer + 1, and an even integer as 2 × some integer. (Similarly, 
we can often prove statements about multiples of 3 by writing each such 
number as 3 × some integer, and so on.) Here is another example. 


We see that n2 is odd because 
we have shown that n2 is equal 
to 2 times some integer plus 1. 


The string of equalities 
k2 = · · ·  = 2(2k2 + 2k) + 1  


in the proof in Example 3.3 can 
be regarded either as a sequence 
of three statements, namely 


n 2 = (2k + 1)2 , 
n 2 = (2k)2 + 2(2k) + 1,  
n 2 = 2(2k2 + 2k) + 1,  


or as a single statement 
asserting the equality of all four 
expressions. 
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Example 3.4 Prove that the sum of two odd integers is even. 


Solution Let x and y be odd integers. Then 


x = 2k + 1  and  y = 2l + 1 for some integers k and l. 


Hence 


x + y = (2k + 1) +  (2l +  1) = 2k + 2l + 2  =  2(k + l + 1). 


This shows that x + y is an even integer. 


We have seen that a sequence P,P1, P2, . . . , Pn, Q  of statements forms a 
proof of the implication P ⇒ Q provided that each statement is shown to 
be true under the assumption that P is true. In Examples 3.3 and 3.4 each 
statement in the sequence was deduced from the statement immediately 
before, but the sequence can also include statements that are deduced from 
one or more statements further back in the sequence, and statements that 
we know to be true from our previous mathematical knowledge. This is 
illustrated by the next example. 


A fact that you may already know which will be useful in this example, 
and also later in this section, is that every integer greater than 1 has a 
unique expression as a product of primes. For example, 
6468 = 2 × 2 × 3 × 7 × 7 × 11, and this is the only way to express 6468 as a 
product of primes (except of course that we can change the order of the 
primes in the expression). This fact is known as the Fundamental Theorem 
of Arithmetic. 


Example 3.5 Prove that for every integer n, the  number  n3 + 3n2 + 2n 
is divisible by 6. 


Solution Let n be an integer. Now 


n 3 + 3n 2 + 2n = n(n 2 + 3n + 2)  =  n(n + 1)(n + 2). 


Thus n3 + 3n2 + 2n is the product of three consecutive integers. We know 
that out of any two consecutive integers, one must be divisible by 2, and 
out of any three consecutive integers, one must be divisible by 3. It follows 
that the three factors n, n + 1  and  n + 2 include one that is divisible by 2, 
and one that is divisible by 3 (possibly the same one). Hence both the 
primes 2 and 3 are factors of n3 + 3n2 + 2n. Hence (by the Fundamental 
Theorem of Arithmetic) n3 + 3n2 + 2n can be expressed  as 2  × 3 × r for 
some integer r, and so it is divisible by 6 = 2 × 3. 


In this course you are expected to be able to produce only simple proofs 
yourself. However, you should also be able to read through more complex 
proofs like some of those later in the course, and understand why they 
prove the statements that they claim to prove. 


The next exercise gives you practice in the techniques that you have seen 
in this subsection. 


Exercise 3.5 Prove each of the following implications. 


(a) If n is an even integer, then n2 is even. 


(b) If m and n are multiples of k, then so  is  m + n. 


(c) If one of the pair m, n is odd and the other is even, then m + n is 
odd. 


(d) If n is a positive integer, then n2 + n is even. 


Section 3 The language of proof 


It is important to choose 
different symbols k and l here. 
We certainly cannot deduce 
from the first statement that 
x = 2k + 1  and  y = 2k + 1 for 
some integer k; that would be 
the case only if  x and y were 
equal! 


Recall that a prime number is an 
integer n, greater than 1, whose 
only positive factors are 1 and n. 


It is certainly not obvious that 
the Fundamental Theorem of 
Arithmetic is true! However, a 
proof is outside the scope of this 
unit. 
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If a proof of an implication is particularly simple, and each statement in 
the sequence follows directly from the one immediately before, then we 
sometimes present the proof by writing the sequence of statements in the 
form 


P ⇒ P1 ⇒ P2 ⇒ P3 ⇒  · · ·  ⇒  Pn ⇒ Q. 


This is particularly appropriate for proofs that depend mostly on algebraic 
manipulation. Here is an example. 


Example 3.6 Prove that if x(x − 2) = 3, then x = −1 or  x = 3.  


Solution 


x(x − 2) = 3 ⇒ x 2 − 2x − 3 = 0  


⇒ (x + 1)(x − 3) = 0 


⇒ x + 1  =  0  or  x − 3 = 0  


⇒ x = −1 or  x = 3. 


By proving the implication in Example 3.6, we showed that −1 and  3 are  
the only possibilities for solutions of the equation x(x − 2) = 3. We did not 
show that −1 and  3 actually  are solutions, since for that it is necessary to 
prove also that if x = −1 or  x = 3,  then  x(x − 2) = 3, that is, the converse 
of the given implication. Thus strictly we have not solved the equation! 
Whenever we solve an equation, an implication and its converse must both 
be proved; in other words, we need to prove an equivalence. We do this for 
the equation in Example 3.6 shortly. 


First we discuss how to prove equivalences in general. Since an equivalence 
asserts that two implications are true, the best way to prove it is usually to 
tackle each implication separately. However, if a simple proof of one of the 
implications can be found, in which each statement follows from the one 
before, then it is sometimes possible to ‘reverse all the arrows’ to obtain a 
proof of the converse implication. That is, if you have found a proof of the 
form 


P ⇒ P1 ⇒ P2 ⇒ P3 ⇒  · · ·  ⇒  Pn ⇒ Q, 


then you may find that also each of the following implications is true: 


Q ⇒ Pn ⇒  · · ·  ⇒  P3 ⇒ P2 ⇒ P1 ⇒ P. 


In this case you may be able to present the proofs of both implications at 
once, by writing 


P ⇔ P1 ⇔ P2 ⇔ P3 ⇔  · · ·  ⇔  Pn ⇔ Q. 


As with implications, this is particularly appropriate for proofs that 
depend mostly on algebraic manipulation. The next example gives a proof 
of this type showing that the implication in Example 3.6 and its converse 
are both true. 


Example 3.7 Prove that x(x − 2) = 3 if and only if x = −1 or  x = 3.  


Solution 


x(x − 2) = 3 ⇔ x 2 − 2x − 3 = 0  


⇔ (x + 1)(x − 3) = 0 


⇔ x + 1  =  0  or  x − 3 = 0  


⇔ x = −1 or  x = 3. 


It is conventional to write this to 
indicate that each of the 
statements P ⇒ P1, P1 ⇒ P2, 
. . . ,  Pn ⇒ Q is true. 


See Example 3.7.



Recall that the equivalence ‘P if

and only if Q’ asserts that both

the implication ‘P ⇒ Q’ (‘P

only if Q’) and its converse

‘Q ⇒ P ’ (‘P if Q’) are true.



Remember that the symbols ⇔

and ⇒ are used to link

statements, not  expressions. It  is 

meaningless to write, for

example,

x2 − 2x − 3 ⇔ (x + 1)(x − 3);

the correct symbol here is =.
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In Example 3.7 we solved the equation x(x − 2) = 3; we showed that its 
solution set is {−1, 3}. The forward (⇒) part of the proof shows that if x 
satisfies x(x − 2) = 3, then x = −1 or  x = 3; in other words, these are the 
only possible solutions of the equation. The backward (⇐) part shows that 
if x = −1 or  x = 3 then x satisfies x(x − 2) = 3; in other words, these two 
values actually are solutions of the equation. The symbol ⇔ is the one to 
use when solving equations or inequalities, and you must be sure that its 
use is valid at each step; in other words, that both implications hold. 


In this subsection we have discussed proof in the context of how to prove 
implications (and equivalences—but an equivalence is just two 
implications). However, what we have said extends to proofs of other types 
of statements. A statement Q that is not an implication can be proved by 
building up a sequence of statements leading to Q in the way that we have 
seen for an implication, except that there is no assumption P to be made 
at the start. Instead the first statement in the sequence must be one that 
we know to be true from our previous mathematical knowledge. 


3.4 Counter-examples 
Proving that an implication is true can be difficult. However, you may 
suspect that an implication is false, and it can often (but not always!) be 
easier to deal with this situation. To prove that an implication P ⇒ Q is 
false, you just have to give one example of a case where the statement P is 
true but the statement Q is false. Such an example is called a 
counter-example to the implication. Here are two examples. 


Example 3.8 Show that each of the following implications about integers 
is false, by giving counter-examples. 


(a)	 If n is prime, then 2n − 1 is prime. 


(b)	 If the product mn is a multiple of 4 then both m and n are multiples 
of 2. 


Solution 


(a)	 The number 11 is a counter-example, because 11 is prime but 
211 − 1 = 2047, which is not prime, since 2047 = 23 × 89. Hence the 
implication is false. 


(b)	 Taking m = 4  and  n = 1 provides a counter-example, because then 
mn = 4, which is a multiple of 4, but n is not a multiple of 2. Hence 
the implication is false. 


There is no general method for finding counter-examples. For some 
statements, such as the statement in part (b) of the above example, a little 
thought about the statement should suggest a suitable counter-example. 
For other statements, the quickest method may just be to try out different 
values for the variable (or variables) until you hit on a counter-example. 
For example, for the statement in part (a) of the above example, we can 
repeatedly choose a prime number n, calculate  2n − 1 and check whether it 
is prime. 


In order to carry out this procedure for Example 3.8(a), we need a method 
for checking whether a given number m is prime. We could simply check 
whether m is divisible by each of the integers between 2 and m − 1, 
inclusive, but this involves a large amount of calculation even for fairly 
small integers m. 


Section 3 The language of proof 


If you wanted to prove only that 
x = −1 and  x = 3 are solutions, 
and not that they are the only 
solutions, then although you 
could do so by giving the 
backward part of the above 
proof, it would be more natural 
to simply substitute each of 
these values in turn into the 
equation. 


For example, statement 4 on 
page 36 is not an implication 
(nor an equivalence). 


See the text below for how you 
might find this counter-example. 


Remember that just one 
counter-example is sufficient. 
For example, you can show that 
the statement 


2if x > 4 then  x >  2 
is false by considering the value 
x = −3. There is no need to 
show that every number x less 
than −2 is a counter-example, 
even though this is true. 
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We can significantly reduce the amount of calculation needed by using the 
following fact, which holds for any integer m ≥ 2: 


√
If m is not divisible by any of the primes less than or equal to m, 
then m is a prime number. 


You will be asked to prove this statement later in this section. Here is an 
example of its use. 


Example 3.9 Show that 127 is a prime number. √ 
Solution √ 127 = 11.3, to one decimal place, so the primes less than or If this procedure is applied to a 
equal to 127 are 2, 3, 5, 7 and 11. Dividing 127 by each of these in turn	 number that is not prime, then 


it will yield a prime factor. gives a non-integer answer in each case, so 127 is prime. 


Exercise 3.6 Give a counter-example to disprove each of the 
following implications. 


(a) If m + n is even, then both m and n are even. 


(b) If x <  2 then  (x2 − 2)2 < 4. 


(c) If n is a positive integer, then 4n + 1 is prime. 


As with implications, you may suspect that an equivalence is false. To 
prove that an equivalence P ⇔ Q is false, you have to show that at least 
one of the implications P ⇒ Q and Q ⇒ P is false, which you can do by 
providing a counter-example. 


3.5 Proof by induction 
Mathematical induction is a method of proof that is useful for proving 
many statements involving integers. Consider, for example, the statement 


1 + 3 +  · · · + (2n − 1) = n 2 for all positive integers n. 


Let us denote the statement 
21 + 3 +  · · · + (2n − 1) = n 


by P (n). It is easy to check that P (n) is true for small values of n; for  This type of notation, in which a 
example symbol denoting a statement is 


followed by a symbol denoting a 
1 = 12 ,	 variable, in brackets, is useful for 
1  +  3 = 4 = 22 ,	 a variable proposition (a 


statement that is true or false 1 + 3 + 5  =  9  =  32 , 
possibly depending on the value 


so certainly P (1), P (2) and P (3) are all true. But how can we prove that of a variable). 
P (n) is true for all positive integers n? 


The method of induction works like this. Suppose that we wish to prove 
that a statement P (n), such as the one above, is true for all positive 
integers n. Now suppose that we have proved that the following two 
statements are true. 


1. P (1) 
2. If P (k) is true, then so is P (k + 1), for k = 1, 2, . . ..  


Let us consider what we can deduce from this. Certainly P (1) is true,  
because that is statement 1. Also P (2) is true, because by statement 2, if 
P (1) is true, then so is P (2). Similarly, P (3) is true, since P (2) is. Since 
this process goes on for  ever,  we can  deduce that  P (n) is true for all 
positive integers n. We thus have the following method. 
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Principle of Mathematical Induction To prove that a statement 
P (n) is true for  n = 1, 2, . . .. 
1.	 Show that P (1) is true. 
2.	 Show that the implication P (k) ⇒ P (k + 1)  is  true 



for k = 1, 2, . . ..



Mathematical induction is often compared to pushing over a line of 
dominoes. Imagine a (possibly infinite!) line of dominoes set up in such a 
way that if any one domino falls then the next domino in line will fall 
too—this is analogous to step 2 above. Now imagine pushing over the first 
domino—this is analogous to step 1. The result is that all the dominoes 
fall! 


In the next example we apply mathematical induction to prove the 
statement mentioned at the beginning of this subsection. 


Example 3.10 Prove that 1 + 3 + · · · + (2n − 1) = n2, for  n = 1, 2, . . .. 
2Solution Let P (n) be the statement 1 + 3 + · · · + (2n − 1) = n .



Then P (1) is true, because 1 = 12 .



Now let k ≥ 1, and assume that P (k) is true; that is,



1 + 3 +  · · · + (2k − 1) = k2 . 


We wish to deduce that P (k +  1) is true;  that is,  


1 + 3 +  · · · + (2k + 1)  =  (k + 1)2 . 


Now 


1 + 3 +  · · · + (2k + 1)  =  (1  + 3 +  · · · + (2k − 1)) + (2k + 1)  


= k2 + (2k + 1)  (by  P (k)) 
= (k + 1)2 . 


Hence 


P (k) ⇒ P (k + 1), for k = 1, 2, . . . .  


Hence, by mathematical induction, P (n) is true,  for  n = 1, 2, . . . .  


Exercise 3.7 Prove each of the following statements by mathematical 
induction. 


1(a) 1 + 2 + · · · + n = 2 n(n + 1), for n = 1, 2, . . .. 
3	 1(b) 13 + 23 + · · · + n = 4 n


2(n + 1)2, for  n = 1, 2, . . .. 


In the next example, we need to be careful to carry out appropriate 
algebraic manipulation so that we can use P (k) to prove  P (k + 1).  


Example 3.11 Prove that 23n+1 + 5 is a multiple of 7, for n = 1, 2, . . .. 


Solution Let P (n) be the statement 


23n+1 + 5 is a multiple of 7. 


Then P (1) is true, because 23×1+1 + 5  =  24 + 5  =  21  =  3  × 7. 


... ... 


This statement also appeared in 
the list of statements at the 
beginning of Subsection 3.1. 


The final term on the left-hand 
side here is 
2(k + 1)  − 1 = 2k + 1.  
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Now let k ≥ 1, and assume that P (k) is true; that is, 


23k+1 + 5 is a multiple of 7. 


We wish to deduce that P (k +  1) is true;  that is,  


23(k+1)+1 + 5  =  23k+4 + 5 is a multiple of 7. 


Now 


23k+4 + 5  =  2323k+1 + 5  The first manipulation is 


= 8  × 23k+1 + 5  intended to create the 
sub-expression 23k+1 in the 


= 7  × 23k+1 + 23k+1 + 5. expression, so we can  use  P (k). 


The first term here is a multiple of 7, and 23k+1 + 5 is a multiple of 7, by 
P (k). Therefore 23k+4 + 5 is a multiple of 7. Hence 


P (k) ⇒ P (k + 1), for k = 1, 2, . . . .  


Hence, by mathematical induction, P (n) is true,  for  n = 1, 2, . . .. 


Mathematical induction can be adapted to deal with situations that differ 
a little from the standard one. For example, if a statement P (n) is  not  
true for n = 1 but we wish to prove that it is true for n = 2, 3, . . . ,  then we 
can do this by following the usual method, except that in step 1 we prove 
that P (2), rather than P (1), is true. (Also, in step 2 we have to show that This is analogous to pushing 
P (k) ⇒ P (k + 1)  for  k = 2, 3 . . . ,  rather than for k = 1, 2, . . . .) In the next over the second domino in the 


example we prove that a statement is true for n = 7, 8, . . . .  line: the result is that all the 
dominoes except the first fall! 


Example 3.12 Prove that 3n < n! for all n ≥ 7. 


Solution Let P (n) be the statement 3n < n!. 


Then P (7) is true, because 37 = 2187 < 5040 = 7!. P (n) is false for n = 1, 2, . . . , 6. 


Now let k ≥ 7, and assume that P (k) is true; that is, 


3k < k!. 


We wish to deduce that P (k +  1) is true;  that is,  


3k+1 < (k + 1)!. 


Now 


3k+1 = 3  × 3k 


< 3 × k! (by  P (k)) 
< (k + 1)k! (because k ≥ 7, and hence k + 1  ≥ 8 > 3) 
= (k + 1)!  . 


Hence P (k) ⇒ P (k + 1), for k = 7, 8, . .  . .  


Hence, by mathematical induction, P (n) is true,  for  n = 7, 8, . .  . .  


Exercise 3.8 Prove each of the following statements by mathematical

induction.



(a) 42n−3 + 1 is a multiple of 5, for n = 2, 3, . . . .  


(b) 5n < n! for all n ≥ 12. 


3.6 Proof by contradiction 
Sometimes a useful approach to proving a statement is to ask yourself, 
‘Well, what if the statement were false?’. Consider the following example. 
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Example 3.13 Prove that there is no positive real number a such that 
1 


a + 
a 


< 2. 


Solution Suppose that there is a positive real number a such that 


a + 
1 
a 


< 2. 


Then, since a is positive, we have 


1 
a 


a a + < 2a, 


which, on multiplying out and rearranging, gives 


a 2 − 2a + 1  < 0; that is, (a − 1)2 < 0. 


But this is impossible, since the square of every real number is greater 
than or equal to zero. Hence we can conclude that there is no such real 
number a. 


The above proof is an example of proof by contradiction. The idea is 
that if we wish to prove that a statement Q is true, then we begin by 
assuming that Q is false. We then attempt to deduce, using the method of 
a sequence of statements that you saw in Subsection 3.3, a statement that 
is definitely false, which in this context is called a contradiction. If  this  can  
be achieved, then since everything about our argument is valid except 
possibly the assumption that Q is false, and yet we have deduced a 
contradiction, we can conclude that the assumption is in fact false – in 
other words, Q is true. 


Here is a classic proof by contradiction, which was given by Euclid in This was a favourite proof of the 
about 300 bc. Cambridge mathematician 


G. H. Hardy (1877–1947), who 
Example 3.14 Prove that there are infinitely many prime numbers. described proof by contradiction 


as ‘one of a mathematician’s 
Solution Suppose that there are only finitely many primes, finest weapons’. 
p1, p2, . . . , pn. 


Consider the integer 


N = p1p2p3 · · · pn + 1. 


This integer is greater than each of the primes p1, p2, . . . , pn, so  it is  not  
prime. Therefore it has a prime factor, p, say. Now p cannot be any of the We are using the Fundamental 
primes p1, p2, . . . , pn, since dividing any one of these into N leaves the Theorem of Arithmetic to 


remainder 1. Thus, p is a prime other than p1, p2, . . . , pn. This  is  a  deduce that N has a prime 


contradiction, so our supposition must be false. It follows that there are factor. 


infinitely many primes. 


Exercise 3.9 Use proof by contradiction to prove each of the 
following statements. 


a and b with 1 
2 (a(a) There are no real numbers ab > 2 + b2). 


(b) There are no integers m and n with 5m + 15n = 357. 


To prove an implication P ⇒ Q using proof by contradiction, you should 
begin by assuming that P is true in the usual way. Then you should 
assume, hoping for a contradiction, that Q is false. If under these 
assumptions you can deduce a contradiction, then you can conclude that if 
P is true, then Q must also be true, which is the required implication. 
Here is an example. 
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Example 3.15 Prove that if n√ = a × b where n > 0, then at least one of 
a and b is less than or equal to n. 


Solution Suppose that n = a × b where n > 0. Suppose also that √ √ 
a >  n and b >  n. Then  


√ √ 
n = ab > ( n)( n) =  n; 


that is, n > n. This contradiction shows that the supposition that √ √ 
a >  n and b >  n must be false; that is, at least one of a and b is less √
than or equal to n. 


Exercise 3.10 Use proof by contradiction to prove that if n = a + 2b, 
where a and b are positive real numbers, then a ≥ 1


2n or b ≥
 14n. 


3.7 Proof by contraposition 
Given any implication, we can form another implication, called its 
contrapositive, which is equivalent to the original implication. The 
contrapositive of the implication ‘if P , then  Q’ is ‘if  not  Q, then  not  P ’, 
where ‘not P ’ and  ‘not  Q’ denote the negations of the statements P and 
Q, respectively. For example, the contrapositive of the implication Here is another example: the 


if x is an integer, then x 2 is an integer 
contrapositive of the implication 


if Rosie is a sheep, then Rosie 


is the implication is less than two metres tall 
is 


if x 2 is  not an integer, then  x is  not an integer.  if Rosie is not less than two 
metres tall, then Rosie is not 


You can think of an implication and its contrapositive as asserting the a sheep 
same thing, but in different ways. You should take a few moments to or, more simply, 
convince yourself of this in the case of the implication and its if Rosie’s height is two metres 
contrapositive given above. Try this also with the non-mathematical or more, then Rosie is 
example in the margin! not a sheep. 


Since an implication and its contrapositive are equivalent, if you have 
proved one, then you have proved the other. Sometimes the easiest way to 
prove an implication is to prove its contrapositive instead. This is called 
proof by contraposition. Here is an example. The proof makes use of the 
fact that 


x n − 1 = (x − 1)(x n−1 + x n−2 + · · · + x + 1), (3.1) 


for any real number x and any positive integer n. This can be verified by 
multiplying out the right-hand side. (Try it!) 


Example 3.16 Prove the following implication about positive integers n: 


if 2n − 1 is prime, then n is prime. 


Solution We shall prove the contrapositive of the implication, which is 


if n is not prime, then 2n − 1 is  not  prime.  


Suppose that n is a positive integer that is not prime. If n = 1,  then  
2n − 1 = 2  − 1 = 1, which is not prime. Otherwise n = ab, where  In this proof we consider two 
1 < a, b < n. Hence cases separately: the cases n = 1  


and n > 1. Splitting into cases is 
2n − 1 = 2ab − 1 sometimes an effective way to 


= (2a)b − 1 proceed in a proof. 


= (2a − 1)((2a)b−1 + · · · + 2a + 1), 
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where the last line follows from equation (3.1). Now 2a − 1 > 1, since 
a > 1, and similarly (2a)b−1 + · · · + 2a + 1  > 1, since both a and b are 
greater than 1. Hence 2n − 1 is not prime. We have thus proved the 
required contrapositive implication in both the cases n = 1  and  n > 1. 
Hence the original implication is also true. 


Exercise 3.11 Use proof by contraposition to prove each of the 
following statements about integers m and n. 


(a) If n3 is even, then n is even. 


(b) If mn is odd, then both m and n are odd. 


(c) If an integer √n > 1 is not divisible by any of the primes less than 
or equal to n, then  n is a prime number. 


Hint: Use the result of Example 3.15, on page 48. 


3.8 Universal and existential statements 
Many mathematical statements include the phrase ‘for all’, or another 
form of words with the same meaning. Here are a few examples. 


x2 ≥ 0 for all real numbers x. 
Every multiple of 6 is divisible by 3. 
1 + 3 + 5 +  · · · + (2n − 1) = n2 for each positive integer n. 
Any rational number is a real number. 


Statements of this type are known as universal statements, and the phrase 
‘for all’, and its equivalents, are referred to as the universal quantifier. 


Statements  that  begin  with  a  phrase  like  ‘There  are  no  . . . ’ or  ‘There  
does not exist . . .’ are universal statements, because they can be 
rephrased in terms of ‘For all’. For example, the statement 


there is no integer n such that n 2 = 3  


can be rephrased as 
2for all integers n, n �= 3.  


Other mathematical statements may include the phrase ‘there exists’, or 
another form of words with the same meaning. Here are a few examples. 


There exists a real number that is not a rational number. 
There is a real  number  x such that cos x = x. 
Some multiples of 3 are not divisible by 6. 
The equation x3 + x2 + 5  =  0  has  at least one real solution. 


Statements of this type are known as existential statements, and the phrase 
‘there exists’ and its equivalents are referred to as the existential quantifier. 


In natural language, the word ‘any’ may mean either ‘every’ or ‘at least 
one’, as in ‘any fool could do that’ and ‘did you prove any theorems?’. In 
mathematics, the meaning depends on the context in a similar way. We try 
to avoid using ‘any’ where it might cause confusion. 


We saw earlier in this section that it is often necessary to negate 
statements, for example when we wish to use proof by contradiction or 
proof by contraposition. 


Section 3 The language of proof 


We put x = 2a and n = b in 
equation (3.1). 


We used this result in 
Subsection 3.4. 


The universal quantifier is 
sometimes denoted by the 
symbol ∀; for example, the first 
universal statement above might 
be abbreviated as 


∀x ∈ R, x 2 ≥ 0, 
which is read as ‘for all x in R, x 
squared is greater than or equal 
to zero’. 


In mathematics, the word some 
is used to mean ‘at least one’, 
rather than ‘several’. 


The existential quantifier is 
sometimes denoted by the 
symbol ∃; for example, the 
second existential statement 
above might be abbreviated as 


∃x ∈ R such that cos x = x, 
which is read as ‘there exists x 
in R such that cos x equals x’. 
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The negation of universal and existential statements needs to be treated 
with particular care. The negation of a universal statement is an 
existential statement, and vice versa. This is illustrated by the examples in 
the table below. You saw further examples in Example 3.1(a), and 
Exercises 3.1(c) and (d). 


Statement Negation 


Every integer is a real number. There exists an integer that 
is not a real number. 


There is an even prime number. Every prime number is odd. 
The equation x2 + 4  =  0  has  a  The equation x2 + 4  =  0  has  
real solution. no real solutions. 


You may  have  found some  of  the  ideas in  this section difficult  to  get used  
to—this is to be expected, since reading and understanding mathematics, 
and writing mathematics clearly and accurately, can both be difficult at 
first. Your skills will improve as you gain experience. To accelerate this 
improvement, you should, when reading mathematics, try to make sure 
that you gain a clear understanding of exactly what each statement 
asserts. When writing mathematics, you should try to be as clear and 
accurate as you can. Include enough detail to make the argument clear, 
but omit any statements that are not necessary to reach the required 
conclusion. A good check is to read over your work and ask yourself 
whether you would be able to follow what you have written in six months’ 
time, when you have forgotten the thoughts and rough work that led to it. 
Use the solutions to the examples and exercises in the course as models for 
good mathematical writing. 


Further exercises 
Exercise 3.12 Which of the following statements have the same meaning? 


(a) If n is even, then n2 is a multiple of 4. 


(b) n is even only if n2 is a multiple of 4. 


(c) n2 is a multiple of 4 whenever n is even. 


(d) x > 0 ⇒ x2 + 4x > 0. 


(e) x > 0 is necessary for x2 + 4x > 0. 


(f ) x > 0 is sufficient for x2 + 4x > 0. 


Exercise 3.13 Determine whether the numbers 221 and 223 are prime. 


Exercise 3.14 Prove, or give a counter-example to disprove, each of the 
following statements. 


(a) If n is a positive integer, then n3 − n is even. 


(b) If m + n is a multiple of k, then  m and n are multiples of k. 


(c) If θ is a real number, then sin 2θ = 2  sin  θ. 


(d) The following function is one-one: 


f : R −→ R



x �
−→ 3x 2 − 6x + 1. 


You may find it helpful to 
re-visit parts of Section 3 later 
in your study of the course. 
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(e) The function g is the inverse of the function f , where  f and g are 
given by 


f : R − {1}−→  R − {0} g : R − {0}−→  R − {1}

1 and 1



x � −→ 1 +  .−→ 
x − 1 x �


x 


Exercise 3.15 


(a) Write down the converse of the following statement. 


If m and n are both even integers, then m − n is an even integer. 


(b) Determine whether the original statement and the converse are true, 
and give a proof or counter-example, as appropriate. 


Exercise 3.16 Prove each of the following statements by mathematical 
induction. 


1 1 1 n − 1
(a) + + · · · + = for n = 2, 3, . . . .


1 × 2 2 × 3 (n − 1)n n 


(b) The integer 32n − 1 is divisible by 8 for n = 1, 2, . . . . 


Exercise 3.17 Prove by contradiction that (a + b)2 ≥ 4ab for all real 
numbers a and b. 


Exercise 3.18 


(a) Write down the contrapositive of the following statement, for positive 
integers n.



If n2 is divisible by 3, then n is divisible by 3.



(b) Prove that the contrapositive is true, and hence that the original 
statement is true. 


Exercise 3.19 Determine which of the following statements are true, and 
give a proof or counter-example as appropriate. 


(a) For all x, y ∈ R, x < y  ⇒ x2 < y2 . 


(b) For all x ∈ R, x2 − x = 2.  


(c) There exists x ∈ R such that x2 − x = 2.  


(d) There exists x ∈ R such that x2 − x = −1. 


(e) There are no real numbers x, y for which x/y and y/x are both 
integers. 


(f) For all positive integers n, 
212 + 22 + 32 + · · · + n = 1 n(n + 1)(2n + 1).6 


(g) For all positive integers n ≥ 2, 


1 1 1 1
1 − 1 − · · ·  1 − = .


2 3 n 2n 
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1 Sets  


After working through this section, you should be able to: 


(a) use set notation; 
(b) determine whether two given sets are equal and whether one given 


set is a subset of another; 
(c) find the union, intersection and difference of two given sets. 


1.1 What is a set? 
In mathematics we frequently consider collections of objects of various 
kinds. We may, for example, consider: 
• the solutions of a quadratic equation; 
• the points on a circle; 
• the prime numbers less than 100; 
• the vertices of a triangle; 
• the domain of a real function. 


The concept of a  set provides the unifying framework needed to investigate

such collections systematically.



You can think of a set as a collection of objects, such as numbers, points,

functions, or even other sets. Each object in a set is an element or

member of the set, and the elements belong to the set, or are in the set.



There is no limitation on the types of object that may appear in a set,

provided that the set is specified in a way that enables us to decide, in

principle, whether a given object is in the set.



There are many ways of making such a specification. For example, we can

define S to be the set of numbers in the list



4, 9, 3, 2. 


This enables us to decide that the number 2 (say) is in S, but that the 
number 1 (say) is not in S. We can illustrate this set by a diagram, as 
shown in the margin; such a diagram is called a Venn diagram, after the 
19th-century Cambridge mathematician John Venn. 


We can also define a set E by stating 


let E be the set of all even integers. 


This description enables us to determine whether a given object is in E by 
deciding whether it is an even integer; for example, 6 is in E, but 5 is not. 


Some sets are used so often that special symbols are reserved for them. 


R denotes the set of real numbers. 
∗R denotes the set of non-zero real numbers.



Q denotes the set of rational numbers.



Z denotes the set of integers . . . ,−2,−1, 0, 1, 2, . . . . 



N denotes the set of natural numbers 1, 2, 3, . . . . 



Section 1 Sets 


A prime number is an integer n, 
greater than 1, whose only 
positive factors are 1 and n; the  
first few primes are 2, 3, 5, 7, 11, 
13, 17. 


The symbol S is a label for the 
set, not a member of the set. 
Similar labels will appear in 
other diagrams. 


A real number is a number with 
a decimal expansion (possibly 
infinite), for example, 
π = 3.14 . . .  or 1.1. 


A rational number is a real 
number that can be expressed as 
a fraction, for example, 14/5 or 
−3/4. 
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We use the symbol ∈ to indicate membership of a set; for example, we 
indicate that 7 is a member of N by writing 


7 ∈ N.	 We read this as ‘7 belongs to N’ 
or ‘7 is in N’.


We indicate that −9 is  not a member  of  N by writing 


−9 /∈ N.	 We read this as ‘−9 does not  


We also use the symbol ∈ when we wish to introduce a symbol that stands 
belong to N’ or  ‘−9 is not in N’. 


for an arbitrary element of a set. For example, we write 


let x ∈ R 


to indicate that x is an arbitrary (unspecified) member of the set R. We  
sometimes refer to x as a real variable. In general, a variable is a symbol 
(like x or n) that stands for an arbitrary element of a set. 


Exercise 1.1 Which of the following statements are true?



∈ N (c) 1.3 /
(a) −2 ∈ Z (b) 5 / ∈ Q 


(d) 1 
2 ∈ N (e) −π ∈ R (f) 2 ∈ Q 


1.2 Set notation 
We now examine some formal ways of specifying a set. 


We can specify a set with a small number of elements by listing these 
elements between a pair of braces (curly brackets). For example, we can 
specify the set A consisting of the first five natural numbers by 


A = {1, 2, 3, 4, 5}. 
The membership of a set is not affected by the order in which its elements 
are listed, so we can specify this set A equally well by 


A = {5, 2, 1, 4, 3}. 
Similarly, we can specify the set B of vertices of the square shown in the 
margin by 


B = {(0, 0), (1, 0), (1, 1), (0, 1)}. 
We can even specify a set C whose elements are the three sets {1, 3, 5}, 
{9, 4} and {2} by 


C = {{1, 3, 5}, {9, 4}, {2}}. 
A set with only one element, such as the set {2},  is called a  singleton. 
(Do not confuse the set {2} with the number 2.) 


Exercise 1.2 Which of the following statements are true? 


(a) 1 ∈ {4, 3, 1, 7}
(b) {−9} ∈ {{6, 1, 2}, {8, 7, 9, 5}, {−9}, {5, 4}}
(c) {9} ∈ {5, 6, 7, 8, 9}
(d) (0, 1) ∈ {(1, 0), (1, 4), (2, 4)}
(e) {0, 1} ∈ {{0, 1}, {1, 4}, {2, 4}} 
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It does not matter if we specify a set element more than once within set 
brackets; we still describe the set that contains each specified element. For 
example, 


{1, 2, 3, 3} and {1, 2, 3} 


describe the same set. However, we usually try to avoid specifying an 
element more than once. 


For a set with a large number of elements, it is not practicable to list all 
the elements, so we sometimes use three dots (called an ellipsis) to indicate 
that a particular pattern of membership continues. For example, we can 
specify the set consisting of the first 100 natural numbers by writing 


{1, 2, 3, . . . , 100}. 
The use of an ellipsis can be extended to certain infinite sets. For example, 
we can specify the set of all natural numbers by writing 


{1, 2, 3, . . .}. 
One disadvantage of this notation is that the pattern indicated by the 
ellipsis may be ambiguous. For example, it is not clear whether 


{3, 5, 7, . . .} 


denotes the set of odd prime numbers or the set of odd natural numbers 
greater than 1. For this reason, this notation can be used only when the 
pattern of membership is obvious, or where an additional clarifying 
explanation is given. 


An alternative way of specifying a set is to use variables to build up 
objects of the required type, and then write down the condition(s) that the 
variables must satisfy. For example, consider the open interval (3,∞), 
consisting of all real numbers x such that x >  3. Using set notation, we 
write this as 


{x ∈ R : x >  3}, 
which is read as  follows:  


A set can often be described in several different ways using such set 
notation. In particular, we can use a letter other than x to denote an 
arbitrary (general) element of a set; for example, the above interval can 
also be written as 


{r ∈ R : r >  3}. 
If it is necessary to include more than one condition after the colon, then 
we write either a comma or the word ‘and’ between the conditions. So the 
interval (0, 1]  can be written as  


{x ∈ R : x >  0, x  ≤ 1} or {x ∈ R : x >  0 and  x ≤ 1}, 
although usually we combine the inequalities and write 


{x ∈ R : 0  < x  ≤ 1}. 
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Sometimes it is convenient to specify a set by writing an expression in one 
or more variables before the colon, and the conditions on the variables 
after the colon. For example, the set of even integers less than 100 may be 
specified by 


{2k : k ∈ Z and k < 50}. 
Just as when we list the elements of a set, when we use set notation it does 
not matter if a set element is specified more than once. For example, 


{sin x : x ∈ R} and {x ∈ R : −1 ≤ x ≤ 1} 


specify the same set. 


Set notation is useful when we wish to refer to the set of solutions, called 
the solution set, of one or more equations. For example, the solutions of 
x2 = 1 form the set 


{x ∈ R : x 2 = 1} = {−1, 1}. 
The solution set of an equation depends on the set of values from which 
the solutions are taken. For example, the solution set of the equation 


(x − 1)(2x − 1) = 0 


is 
1{x ∈ R : (x − 1)(2x − 1) = 0} = {1, 2 } 


if we are interested in real solutions, but is 


{x ∈ Z : (x − 1)(2x − 1) = 0} = {1} 


if we are interested only in integer solutions. In this unit we assume that 
solutions are taken from R unless otherwise stated. 


Sometimes an equation has  no real solutions, so its solution set has no 
elements. This set is called the empty set and is denoted by ∅. For  
example, 


{x ∈ R : x 2 = −1} = ∅. 


Example 1.1 Use set notation to specify each of the following: 


(a)	 the set of all natural numbers greater than 50; 


(b)	 the set of all real solutions of the equation x4 + 8x2 + 16  =  0;  


(c)	 the set of all odd integers. 


Solution 


(a)	 The elements of this set are the natural numbers n such that n > 50. 
So the set is 


{n ∈ N : n > 50}. 
(b)	 The elements of this set are the real numbers x that satisfy the given In fact, the given equation has 


equation. So the set is no real solutions, so this set is 
the empty set ∅. 


{x ∈ R : x 4 + 8x 2 + 16  =  0}. 
(c)	 An  odd integer  is  one that can  be  written in the  form  2k + 1,  for  some  


integer k. So the set is 


{2k + 1 :  k ∈ Z}. 
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Exercise 1.3 Use set notation to specify each of the following: 


(a) the set of integers greater than −2 and less than 1000; 


(b) the closed interval [2, 7]; 


(c) the set of positive rational numbers with square greater than 2; 


(d) the set of even natural numbers; 


(e) the set of integer powers of 2. 


1.3 Plane sets 
In Unit I1 you met the plane R2, and saw that each point in the plane can 
be represented as an ordered pair (x, y) with respect to a given pair of 
axes. A set of points in R2 is called a plane set or a plane figure. Such plane sets occur in many 
Simple examples of plane sets are lines and circles. applications of mathematics; for 


example, in computer graphics. 


Lines 
Consider a straight line l with slope a and y-intercept b. This line is the 
set of all  points  (x, y) in the plane such that y = ax + b. Using set 
notation, we write this as 


l = {(x, y) ∈ R2 : y = ax + b}. 
(We sometimes refer to ‘the line y = ax + b’ as a shorthand way of

specifying this set.)



For a line parallel to the y-axis with x-intercept c, we write



l = {(x, y) ∈ R2 : x = c}. 


Exercise 1.4 


(a) Use set notation to specify the line l with slope 2 that passes

through the point (0, 5).



(b) Sketch the line l = {(x, y) ∈ R2 : y = 1  − x}. 


Circles 
The unit circle U is the set of points (x, y) in the plane whose distance 
from the origin (0, 0) is 1. By Pythagoras’ Theorem, these are the points 
(x, y) for  which  x2 + y2 = 1, so, in set notation, the unit circle is written as 


U = {(x, y) ∈ R2 : x 2 + y 2 = 1}. 
In general, the circle C of radius r centred at the point (a, b) is the set of 
points (x, y) that lie  at  a distance  r from (a, b). By Pythagoras’ Theorem, 


2these are the points (x, y) satisfying the equation (x − a)2 + (y − b)2 = r , 
so, in set notation, this circle is written as 


2C = {(x, y) ∈ R2 : (x − a)2 + (y − b)2 = r }. 


Exercise 1.5 


(a) Use set notation to specify the circle C of radius 3 centred at 
(1, −4). 


(b) Sketch the circle C = {(x, y) ∈ R2 : (x − 1)2 + (y − 3)2 = 4}. 
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Half-planes, discs and other plane sets 
Consider the line 


l = {(x, y) ∈ R2 : y = 1  − x}. 
This line splits R2 into three separate parts: the line l itself, the set H1 of 
points lying above the line, and the set H2 of points lying below the line. 


Consider an arbitrary point P = (x, y) in  H1 as shown in the margin. The 
point Q = (x, 1 − x) lies on the line l, below  P , as illustrated, so y >  1 − x. 
Similarly, each point (x, y) in  H2 satisfies y <  1 − x. Thus  


H1 = {(x, y) ∈ R2 : y >  1 − x} 


and 


H2 = {(x, y) ∈ R2 : y <  1 − x}. 
(In the diagrams, when a plane set illustrated does not include a boundary 
line, we draw the boundary line as a broken line.) 


The set of points on one side of a line, possibly together with all the points 
on the line itself, is known as a half-plane. A half-plane that does not 
include the points on the line can be specified using set notation in a 
similar way to the examples H1 and H2 above. The corresponding 
half-plane that includes the points on the line can be specified by changing 
the symbol > to ≥, or the symbol < to ≤. 


Next consider the unit circle 


U = {(x, y) ∈ R2 : x 2 + y 2 = 1}. 
This circle splits R2 into three separate parts: the circle U itself, the 
set D1 of points lying inside the circle and the set D2 of points lying 
outside the circle. 


The condition for a point (x, y) to lie inside U is that the distance from the 
origin is less than 1, so the square of the distance is also less than 1. Thus 


2D1 = {(x, y) ∈ R2 : x 2 + y < 1}. 
Similarly, 


2D2 = {(x, y) ∈ R2 : x 2 + y > 1}. 
The set of points inside a circle, possibly together with all the points on 
the circle, is known as a disc. If we wish to specify the disc consisting of 
the unit circle and the points inside it, we replace the inequality < by ≤ in 
the set notation specification of D1 given above. 


Now consider the set of points lying inside the square with vertices (0, 0), 
(1, 0), (1, 1) and (0, 1). This set can be written as 


{(x, y) ∈ R2 : 0  < x <  1, 0 < y  <  1}. 
If we wish to include the four boundary lines in the set, we replace each 
symbol < by ≤. We would show this set on a diagram by replacing the 
broken lines in the diagram in the margin by solid lines. 


Exercise 1.6 Sketch each of the following plane sets. 


(a) {(x, y) ∈ R2 : x <  1}
(b) {(x, y) ∈ R2 : y <  2 − 2x}
(c) {(x, y) ∈ R2 : (x − 1)2 + (y − 2)2 ≤ 4}
(d) {(x, y) ∈ R2 : x2 + (y + 3)2 > 1} 
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We conclude this subsection by considering the graph of a real function. In 
Unit I1, we sketched the graph of a real function f by plotting points of 
the form (x, f(x)) in R2, for each element x of the domain A. This  
suggests the following formal definition of a graph. 


Definition The graph of a real function f : A −→ R is the set



{ (x, f(x)) : x ∈ A} .



Exercise 1.7 Use set notation to specify: 


(a) the points in the square with vertices (0, 1), (2, 1), (2, 3), (0, 3), if 
the boundary is included; 


(b) the points on the graph of the function 


f : [0,∞ ) −→ R



x �
−→ 2x 2 + 1. 


1.4 Set equality and subsets 
Consider the sets A = { 1,− 1} and B = { x ∈ R : x2 − 1 = 0} . Although 
these sets are written in different ways, each set contains exactly the same 
elements, 1 and − 1. We say that these sets are equal. 


Definition Two sets A and B are equal if they have exactly the 
same elements; we write A = B. 


When two sets each contain a small number of elements, we can usually 
check whether these elements are the same, and hence decide whether the 
sets are equal. 


Exercise 1.8 Decide whether each of the following pairs of sets are 
equal. 


(a)	 A = { 2,− 3} and B = { x ∈ R : x2 + x − 6 = 0} . 


(b)	 A = { k ∈ Z : k is odd and 2 < k  <  10} and

B = { n ∈ N : n is a prime number and n <  10} .



If two sets each contain more than a small number of elements, it is less 
easy to check whether they are equal. We shall describe a method for 
dealing with cases like this after we have introduced an idea that we shall 
need. 


Consider the sets A = { 7, 2, 5} and B = { 2, 3, 5, 7, 11} . Each element of A 
is also an element of B. We say that A is a subset of B. 


Definition A set  A is a subset of a set B if each element of A is 
also an element of B. We also say that A is contained in B, and  we  
write A ⊆ B. 


We sometimes indicate that a set A is a subset of a set B by reversing the 
symbol ⊆ and writing B ⊇ A, which we read as ‘B contains A’. To 
indicate that A is not a subset of B, we write A � B. We may also write 
this as B � A, which we read as ‘B does not contain A’. 


Do not confuse the symbol ⊆ 
with the symbol ∈ . For example, 
we write 


{ 1} ⊆  {  1, 2, 3} , 
since { 1} is a subset of { 1,2,3} , 
and 


1 ∈ {  1, 2, 3} , 
since 1 is an element of { 1,2,3} . 
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When we wish to determine whether a given set A is a subset of a given 
set B, the method that we use depends on the way in which the two sets 
are defined. If A has a small number of elements, then we check directly by 
inspection whether each element of A is an element of B. Otherwise, we 
determine whether an arbitrary element of A fulfils the membership 
criteria for B, as illustrated by Example 1.2 below. 


To show that a given set A is not a subset of a given set B, we need to find 
at least one element of A that does not belong to B. The empty set ∅ is a 
subset of every set because we cannot find an element in ∅ which does not 
belong to the set in question. 


Example 1.2 In each of the following cases, determine whether A ⊆ B. 


(a)	 A = {1, 2,−4} and B = {x ∈ R : x5 + 4x4 − x − 4 = 0}. 
(b)	 A = {(x, y) ∈ R2 : x2 + y2 < 1} and B = {(x, y) ∈ R2 : x <  1}. 
Solution 


(a)	 The elements 1, 2, −4 belong  to  R, and we can check directly whether 
they also satisfy the equation x5 + 4x4 − x − 4 = 0.  We  have  


(1)5 + 4(1)4 − 1 − 4 = 0, so 1 ∈ B, 


(2)5 + 4(2)4 − 2 − 4 = 90, so 2 /∈ B. 


So 2 does not belong to B, and hence A is not contained in B. 


Example 1.3 Show that A is a proper subset of B, where  A and B are 
the sets defined in Example 1.2(b). 


Solution We showed in the solution to Example 1.2(b) that A ⊆ B. 
Also, the point (0, 2), for example, lies in B, since its x-coordinate 0 is less 
than 1, but (0, 2) does not lie in A, since  02 + 22 = 4  ≥ 1. This shows that 
A is a proper subset of B. 


Exercise 1.10 Show that A is a proper subset of B, where  A and B 
are the sets defined in Exercise 1.9(a). 


(b)	 From the diagram in the margin, it appears that A ⊆ B. We cannot 
check each of the elements of A individually, so we let (x, y) be an  
arbitrary element of A; then  (x, y) is a point  of  R2 with x2 + y2 < 1. 


Since y2 ≥ 0 for all y, this implies that x2 < 1, and hence that x <  1. 
Thus (x, y) ∈ B. 


Since (x, y) is an arbitrary element of A, we conclude that A ⊆ B. 


Exercise 1.9 In each of the following cases, determine whether 
A ⊆ B. 


(a)	 A = {(5, 2), (1, 1), (−3, 0)} and B = {(x, y) ∈ R2 : x − 4y = −3}. 
(b)	 A = {(x, y) ∈ R2 : x2 + y2 < 1} and B = {(x, y) ∈ R2 : y <  0}. 


If two sets A and B are equal, then A is a subset of B, and  B is a subset 
of A. If  a  set  A is a subset of a set B that is not equal to B, then we say  
that A is a proper subset of B, and  we  write  A ⊂ B or B ⊃ A. 


To show that a set A is a proper subset of a set B, we must show both 
that A is a subset of B, and that there is at least one element of B that is 
not an element  of  A. 


Since 2 /∈ B, we do not need to 
check whether −4 ∈ B. 


In some texts, the symbol ⊂ is 
used to mean ‘is a subset of’ (for 
which we use the symbol ⊆) 
rather than ‘is a proper subset 
of’. 
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We now return to the question of how we can show that two sets A and B 
are equal if they have more than a small number of elements. To do this, 
we show that each set is a subset of the other. 


Strategy 1.1 To show that two sets A and B are equal:

show that A ⊆ B;

show that B ⊆ A.



Example 1.4 Show that the following sets are equal:	 In Unit I1, Section 5, you saw 
that 


A = {(cos t, sin t) :  t ∈ [0, 2π]} and B = {(x, y) ∈ R2 : x 2 + y 2 = 1}. 
α(t) =  (cos  t, sin t), t  ∈ [0, 2π], 


Solution First we show that A ⊆ B. is a parametrisation of the unit 
circle, so we expect A and B to


Let (x, y) be an arbitrary element of A; then  be  the same set.  


x = cos  t and y = sin  t, for some t ∈ [0, 2π], 
so 


2 2 x 2 + y = cos t + sin2 t = 1. 


This implies that (x, y) ∈ B, so  A ⊆ B. 


Next we show that B ⊆ A. 


Let (x, y) be an arbitrary element of B; then  


x 2 + y 2 = 1. 


In order to show that (x, y)  is an element  of  A, we need to find a value of 
t ∈ [0, 2π] such that (x, y) = (cos  t, sin t). If we take t to be the angle 
between the x-axis and the line joining the point (x, y) to the origin, then 


x = cos  t and y = sin  t. 


Since t ∈ [0, 2π], it follows that (x, y) ∈ A, so  B ⊆ A. 


Since A ⊆ B and B ⊆ A, it follows that A = B. 


Exercise 1.11 Show that the following sets are equal: 
2A = {(t , 2t) :  t ∈ R} and B = {(x, y) ∈ R2 : y 2 = 4x}. 


1.5 Counting subsets of finite sets 
A finite set is a set which has a finite number of elements; that is, the 
number of elements is some natural number, or 0. We saw earlier that in The number  of elements is 0 in  
using set notation, we may list the elements of a finite set in any order. the case of the  empty set  ∅. 
For example, the set {1, 2, 3} can be written by ordering the elements in 
six different ways: 


{1, 2, 3}, {1, 3, 2}, {2, 1, 3}, {2, 3, 1}, {3, 1, 2}, {3, 2, 1} 


(with each element of the set specified just once). 


In general, a set with n elements can be ordered in 


n × (n − 1) × · · · × 1	 (1.1) 


different ways, as there are n choices for the first element, then n − 1 
choices for the second element, and so on, with just one possibility for the 
last element. 
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We denote expression (1.1) by n! (read as ‘n factorial’). 


Definition For any positive integer n, 


n! =  n × (n − 1) × (n − 2) × · · · × 3 × 2 × 1.

Also,



0! = 1.	 We define 0! to be 1 for 
convenience, so that results such 
as n! =  n × (n − 1)! are also true 


For example, a set with 10 elements can be ordered in for n = 1. Also, this definition 
makes sense because the number 


10! = 10 × 9 × · · · × 1 = 3 628 800 of different orderings of the 
elements of the empty set is 1; different ways. we cannot change the order of 


A finite set has only finitely many subsets—but how many? Consider, for no elements! 


example, the set {1, 2, 3}. Below, we list all the subsets of {1, 2, 3} in a 
table, according to the size k of the subsets. 


k subsets of {1, 2, 3} number of subsets 


0 ∅ 1

1 {1}, {2}, {3} 3

2 {1, 2}, {1, 3}, {2, 3} 3

3 {1, 2, 3} 1



This table shows that the set {1, 2, 3} has 1 + 3 + 3 + 1 = 8 subsets in all. 


Exercise 1.12 List all the subsets of the set {1, 2, 3, 4} in a similar

table.



We have seen that a set with 3 elements has 8 subsets and a set with 4 
elements has 16 subsets. This suggests that a set with n elements has 2n 


subsets. To see this, we can argue as follows. Given a set A with n 
elements, we can associate with each subset of A a string  of  n symbols, 
where the kth symbol is a 1 if the kth element of A is in the subset, and a 
0 otherwise. For example, if A = {1, 2, 3, 4, 5}, then the string associated 
with the subset {2, 4, 5} is 01011. There are 2n such strings (since there 
are 2 choices for each of the n symbols), so there are 2n subsets. 


We now concentrate on the following related question. 


How many subsets with k elements has a set with n elements? 


To answer this question, we consider choosing the k elements of the subset 
in order. There are n choices for the first element of the subset, then n − 1 
choices for the second element, and so on, with n − (k − 1) = n − k + 1  
choices for the kth element. Hence the number of ways of choosing k 
elements in order from n elements is 


n × (n − 1) × · · · × (n − k + 1). 


But some of these n × (n − 1) × · · · × (n − k + 1)  ordered choices give rise 
to the same subset. In fact, each subset of k elements corresponds to k! 
ordered choices of k elements. Thus the number of different subsets with k 
elements of a set with n elements is 


n × (n − 1) × · · · × (n − k + 1)  
. 


k! 
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Multiplying the numerator and denominator by (n − k)!, we obtain 


n! 
k! (n − k)! 


. 


We introduce the following notation for this expression. 


Definition For any non-negative integers n and k with k ≤ n, ( 
n 


) 
n! 


= .
k k! (n − k)! 


This expression is called a binomial coefficient.  It is the  number  of  
subsets with k elements of a set with n elements. 


For example, the number of subsets with two elements of a set with three 
elements is 


3 3! 
= = 3,2 2! 1! 


as we found in the table on page 14. 


Section 1 Sets 


nThe expression 
k is read as 


‘n choose k’. Some texts use the 
alternative notation nCk, where  
the ‘C’ stands for ‘combination’. 
The reason for the name 
‘binomial coefficient’ will 
become clear in Section 4. 


A more interesting example is that of a lottery in which participants choose 
a subset of six numbers from a set of 49 numbers. In this case there are 


49 49! 49 × 48 × 47 × 46 × 45 × 44 
= = = 13 983 816 We  can of course drop  the ‘×1’6 6! 43! 6 × 5 × 4 × 3 × 2 × 1 in the denominator and write 


different subsets, or combinations as they are commonly called. 49 × 48 × 47 × 46 × 45 × 44 
. ( ) ( ) ( ) 6 × 5 × 4 × 3 × 2 


10 10 11
Exercise 1.13 Evaluate 2 


, 3 
and , and verify that 3 


10 10 11+2 3 = 3 
. 


The result of Exercise 1.13 is a special case of the following general result. 


Example 1.5 Prove that that if n and k are positive integers with 
1 ≤ k ≤ n, then  


n n n + 1  = We use this identity in Section 4. 
k − 1 + 


k k
. 


Solution We start with the left-hand side and use successive 
rearrangements to obtain the right-hand side: 


n n n! n! 
+ = + 


k − 1 k (k − 1)! (n − (k − 1))! k! (n − k)!



kn! (n − k + 1)n!

= + 


k(k − 1)!(n − k + 1)!  k!(n − k)!(n − k + 1)  


kn! (n − k + 1)n! 
= + 


k!(n − k + 1)!  k!(n − k + 1)!  


(k + (n − k + 1))  × n! 
= 


k! (n − k + 1)! 



(n + 1)  × n!

= 


k! (n − k + 1)!  


(n + 1)!  
= 


n + 1  = . 
k! (n + 1  − k)! k 
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We can give an alternative proof of the above identity by interpreting the 
left- and right-hand sides as the results obtained by counting the same 
thing in two different ways. If we deem one of n + 1 elements to be the 


n + 1first, then the subsets of k elements chosen from these n + 1  
k 


elements consist of n subsets which include the first element (and 
k − 1 


k − 1 other elements), and 
n subsets which do not include the first 
k 


element. 


Such a combinatorial or counting argument can be spotted only with 
practice. 


Exercise 1.14 Prove the following identity (a) directly, (b) by using a 
combinatorial argument. 


If n and ) k are positive integers with 0 ≤ k ≤ n, then  
n n = . 


n − k k 


1.6 Set operations 
Consider the two sets {2, 3, 5} and {1, 2, 5, 8}. Using these sets, we can 
construct several new sets—for example: 
•	 the set {1, 2, 3, 5, 8} consisting of all elements belonging to at least one 


of the two sets; 
•	 the set {2, 5} consisting of all elements belonging to both of the two 


sets; 
•	 the set {3} consisting of all elements belonging to the first set but not 


the second, and the set {1, 8} consisting of all elements belonging to 
the second set but not the first. 


Each of these new sets is a particular instance of a general construction for 
sets. We now consider them in turn. 


Union 
We saw above that if A = {2, 3, 5} and B = {1, 2, 5, 8}, then the set of all 
elements belonging to at least one of the sets A and B is {1, 2, 3, 5, 8}. We  
call this set the union of A and B. 


More generally, we adopt the following definition. 


Definition Let A and B be any two sets; then the union of A and 
B is the set 


A ∪ B = {x : x ∈ A or x ∈ B}. 


Note that the word or in this definition is used in the inclusive sense of 
‘and/or’; that is, the set A ∪ B consists of the elements of A and the 
elements of B, including the elements in both A and B. 


n + 1 elements 


∗ | ∗ ∗ ∗ ∗ · · · ∗ 


↑ n elements 
first element 


In everyday language, an 
example of ‘or’ used in the 
exclusive sense is ‘Tea or 
coffee?’, since the answer ‘Both, 
please!’ is not expected. An 
example of ‘or’ used in the 
inclusive sense is ‘Milk or 
sugar?’, since in this case you 
could answer ‘Both’. 
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Section 1 Sets 


Example 1.6 


(a)	 Simplify [−2, 4] ∪ (0, 10). √ 
(b)	 Express the domain of the function f(x) =  x2 − 1 as a union of 


intervals. 


Solution 


(a)	 The union is the interval [−2, 10). 


(b)	 The domain consists of all real numbers x for which x2 − 1 ≥ 0: that 
is, x2 ≥ 1, so x ≥ 1 or  x ≤ −1. Thus the domain of f is the set 


{x ∈ R : x ≤ −1 or  x ≥ 1}. 
This is the set of numbers belonging either to the interval (−∞,−1] or 
to the interval [1,∞), and it can therefore be written as 


(−∞,−1] ∪ [1,∞). 


Exercise 1.15 


(a) Simplify (1, 7) ∪ [4, 11]. √ 
(b) Express the domain of the function f(x) = 1/ x2 − 9 as a union 


of intervals. 


(c) Draw a diagram depicting the union of the half-plane

H = {(x, y) ∈ R2 : y <  0} and the disc

D = {(x, y) ∈ R2 : x2 + y2 ≤ 4}.



So far we have defined the union of two sets. We can give a similar 
definition for the union of any number of sets; for example, the union of 
three sets A, B and C is the set 


A ∪ B ∪ C = {x : x ∈ A or x ∈ B or x ∈ C}. 


Intersection 
We saw above that if A = {2, 3, 5} and B = {1, 2, 5, 8}, then the set of all 
elements belonging to both of the sets A and B is {2, 5}. We  call  this  set  
the intersection of A and B. 


More generally, we adopt the following definition. 


Definition Let A and B be any two sets; then the intersection of 
A and B is the set 


A ∩ B = {x : x ∈ A and x ∈ B}. 


Two sets with no element in common, such as {1, 3, 5} and {2, 9}, are  said  
to be disjoint. We write {1, 3, 5} ∩ {2, 9} = ∅. 


Example 1.7 


(a)	 Simplify [−2, 4] ∩ (0, 10). √ √ 
(b)	 Express the domain of the function f(x) = 1/ 4 − x2 + 1/ 9 − x2 as 


an intersection of intervals, and simplify your answer. 
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Solution 


(a)	 The intersection is the interval (0, 4]. 


(b)	 The domain consists of all real numbers x for which both 4 − x2 > 0 
and 9 − x2 > 0; that is, x2 < 4 and  x2 < 9. Thus the domain of f is 
the set of real numbers x that belong both to the interval (−2, 2) and 
to the interval (−3, 3). It can therefore be written as 


(−2, 2) ∩ (−3, 3); 


this is simply the interval (−2, 2). 


Exercise 1.16 


(a) Simplify (1, 7) ∩ [4, 11]. 


(b) Draw a diagram depicting the intersection of the half-plane

H = {(x, y) ∈ R2 : y <  0} and the disc

D = {(x, y) ∈ R2 : x2 + y2 ≤ 4}.



So far we have defined the intersection of two sets. We can give a similar 
definition for the intersection of any number of sets; for example, the 
intersection of three sets A, B and C is the set 


A ∩ B ∩ C = {x : x ∈ A and x ∈ B and x ∈ C}. 


Difference 
We saw above that if A = {2, 3, 5} and B = {1, 2, 5, 8}, then the set of all 
elements belonging to A but not to B is {3}; we  call this set  the  
difference A − B. Similarly, the set of all elements belonging to B but not 
to A is {1, 8}; this set is the difference B − A. 


More generally, we adopt the following definition. 


Definition Let A and B be any two sets; then the difference 
between A and B is the set 


A − B = {x : x ∈ A, x /∈ B}.	 Some texts denote the difference 
between A and B by A \ B. 


Remark Note that A − B is different from B − A, when  A �= B. Also,  for  
any set A, we have  A − A = ∅. 


Example 1.8 


(a)	 Simplify [−2, 4] − (0, 10) and (0, 10) − [−2, 4]. 


(b)	 Express the domain of the function f(x) = 1/(x2 − 1) as a difference 
between two sets. 


Solution 


(a)	 The difference [−2, 4] − (0, 10) is the interval [−2, 0], and the difference 
(0, 10) − [−2, 4] is (4, 10). 


(b)	 The domain consists of all real numbers x for which x2 − 1 �= 0;  that  
= 1  and  x �is, x � = −1. Thus the domain of f is the difference 


R − {1,−1}. 
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Section 1 Sets 


Exercise 1.17 


(a) Simplify (1, 7) − [4, 11] and [4, 11] − (1, 7). 


(b) Draw diagrams depicting H − D and D − H , where  H is the 
half-plane {(x, y) ∈ R2 : y <  0} and D is the disc 
{(x, y) ∈ R2 : x2 + y2 ≤ 4}. 


Further exercises 
Exercise 1.18 Which of the following statements are true? 


(a) 0 ∈ N (b) 0 ∈ Q (c) −0.6 /∈ R (d) 37 ∈ Z 


(e) 20 ∈ {4, 8, 12, 16} (f) {1, 2} ∈ {{2, 3}, {3, 1}, {2, 1}} 


(g)	 {0} ∈ ∅ 


Exercise 1.19 List the elements of the following sets. 


(a)	 {n : n ∈ N and 2 < n <  7} (b) {x ∈ R : x2 + 5x + 4  =  0} 


(c)	 {n ∈ N : n2 = 25} 


Exercise 1.20 Use set notation to specify each of the following sets: 


(a) the set of integers greater than −20 and less than −3; 


(b) the set of non-zero integers which are multiples of 3; 


(c)	 the set of all real numbers greater than 15. 


Exercise 1.21 Sketch the following sets in R2 . 


(a)	 {(x, y) ∈ R2 : y = 4  − 3x}
(b)	 {(x, y) ∈ R2 : (x + 1)2 + (y − 3)2 = 9}
(c)	 {(x, y) ∈ R2 : y2 = 8x} 


Exercise 1.22 Sketch the following sets in R2 . 


(a)	 {(x, y) ∈ R2 : y <  4 − 3x}
(b)	 {(x, y) ∈ R2 : (x + 1)2 + (y − 3)2 > 9}
(c)	 {(x, y) ∈ R2 : 0  ≤ x ≤ 2, 1 ≤ y ≤ 3} 


Exercise 1.23 For each of the sets A and B below, determine whether 
A ⊆ B. 


(a)	 A = {(0, 0), (0, 6), (−4, 6)} and 
B = {(x, y) ∈ R2 : (x + 2)2 + (y − 3)2 = 13}. 


(b)	 A = {(x, y) ∈ R2 : x2 + y2 < 4} and B = {(x, y) ∈ R2 : y <  4 − 8x}. 
2 2 


(c)	 A = {(2 cos t, 3 sin  t) :  t ∈ [0, 2π]} and B = {(x, y) ∈ R2 : 
x


+ 
y


= 1}.
4 9 


Exercise 1.24 Show that A is a proper subset of B, where  
2	 1A = {(x, y) ∈ R2 : x 2 + 4y < 1} and B = {(x, y) ∈ R2 : y <  2 }. 
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Exercise 1.25 For each of the sets A and B below, determine whether 
A = B. 


(a) A = {1, −1, 2} and B = {x ∈ R : x3 − 2x2 − x + 2  =  0}. 
(b) A = {(2 cos t, 3 sin  t) :  t ∈ [0, 2π]} and 


2 2 


B = {(x, y) ∈ R2 : 
x


+ 
y


= 1}.
4 9 


(c) A = {x ∈ R : x = 
p 
, where p, q ∈ N} and B = Q. 


q 


Exercise 1.26 For each of the sets A and B below, find A ∪ B, A ∩ B and 
A − B. 


(a) A = {0, 2, 4} and B = {4, 5, 6}. 
(b) A = (−5, 3] and B = [2, 17]. 


(c) A = {(x, y) ∈ R2 : x2 + y2 ≤ 1} and B = {(x, y) ∈ R2 : x2 + y2 ≤ 4}. 


2 Functions 


After working through this section, you should be able to: 


(a) determine the image of a given function; 
(b) determine whether a given function is one-one and/or onto; 
(c) find the inverse of a given one-one function; 
(d) find the composite of two given functions. 


2.1 What is a function? 
In the previous unit we concentrated on real functions—that is, functions 
whose domains and codomains are subsets of R. You can think of these 
functions as machines for processing real numbers. For example, the real 
function defined by f (x) =  1/x can be regarded as a machine that 


∗ of f can Recall from Subsection 1.1 that 


1 
3 −


comes −1 
2 R


calculates the reciprocals of non-zero real numbers. When 3 is fed into the 
machine, out comes the number ; when  2 is fed into the machine, out 


; and so on. Indeed, any real number in the domain 
∗be processed by the machine to produce a real number in the codomain.	 R denotes the set of non-zero 


real numbers, R − {0}. 


Now imagine a machine that accepts an element x from a set A (not 
necessarily a subset of R), and processes it to produce a unique element 
f (x) in  a  set  B (again not necessarily a subset of R). By dropping the 
requirement that the machine processes and produces real numbers, we 
obtain the following more general definition of a function. 
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4 Two identities 


After working through this section, you should be able to: 


(a) understand and use the Binomial Theorem; 
(b) understand and use the Geometric Series Identity; 
(c) understand and use the Polynomial Factorisation Theorem. 


An identity is an equation involving variables which is true for all possible 
values of the variables. You will already be familiar with many basic 
identities, such as 


(a + b)2 = a 2 + 2ab + b2 and a 2 − b2 = (a − b)(a + b).	 Some texts use the symbol ≡ to 
denote an identity, but we shall 


These identities are particular cases of more general identities that we shall not do so. 
use extensively later in the course. In this section we state and prove these 
key identities, using some of the techniques described earlier in the unit. 


4.1 The Binomial Theorem 
A striking mathematical pattern appears when we expand expressions of 
the form (a + b)n for n = 1, 2, . . .: 


(a + b)1 = a1 + b1 , 
(a + b)2 = a2 + 2ab + b2 , 
(a + b)3 = (a + b)(a2 + 2ab + b2) =  a3 + 3a2b + 3ab2 + b3 , 
(a + b)4 = (a + b)(a3 + 3a2b + 3ab2 + b3) =  a4 + 4a3b + 6a2b2 + 4ab3 + b4 , 


and so on. The coefficients that appear in these expansions can be 
arranged as a triangular table, in which 1s appear on the left and right 
edges, and the remaining entries can be generated by using the rule that 
each inner entry is the sum of the two nearest entries in the row above. For example, 10 = 4 + 6. 


(a + b)0 1 The 1 at the top corresponds to 
(a + b)1 1 1 n = 0:  


(a + b)2 1 2 1 (a + b)0 = 1. 


(a + b)3 1 3 3 1 
(a + b)4 1 4 6 4 1 
(a + b)5 1  5  10  10  5  1  


.	 . .	 . .	 . 


This table is known as Pascal’s triangle, after the French mathematician, 
physicist and theologian Blaise Pascal (1623–1662), although it appeared 
several hundred years earlier in a book by the Chinese mathematician Chu 
Shih-Chieh. 


We can calculate any coefficient in Pascal’s triangle directly, instead of 
from two coefficients in the row above, because the coefficients in the row 
corresponding to (a + b)n are given by 


n n n 
, , . . . ,  , where 


n = 
n! 


.	 For example, the fourth 0 1 n k k! (n − k)! coefficient in the row ( ) corresponding to (a + b)5 is 
The expression 


n was introduced in Subsection 1.5, where we saw that given by 
k ( ) 


it gives the number of different k-element subsets of an n-element set. 5 = 
5! 


= 10.3 3! 2! 


52 







( ) 


( ) ( ) ( ) ( ) ( ) ( ) 


( ) 


( ) ( ) ( ) ( ) 


( ) ( ) ( ) 


( ) ( ) ( ) 


Section 4 Two identities 


Example 1.5 shows why the numbers n satisfy the rule described above 
k 


for generating Pascal’s triangle.



Here is the general formula for the expansion of (a + b)n . It is our first key

identity. 


Theorem 4.1 Binomial Theorem 


Let a, b ∈ R and let n be a positive integer. Then 


n n 
bn 


0 k n
(a + b)n = 


n
an + 1 


an−1b + · · ·+ 
n


an−k bk + · · ·+ . 


Proof The shortest way of proving this result is to note that (a + b)n is 
the product of n brackets: 


(a + b)n = (a + b) × (a + b) × · · · × (a + b). 


When this product is multiplied out, we find that each term of the form 


Note that 
n n = 0 n = 1, 


since 0! = 1. 


an−kbk arises by choosing the variable a from n − k of the brackets and the 
variable b from the remaining k brackets. Thus the coefficient of an−k bk is 
equal to the number of ways of choosing a subset of n − k brackets (or, 
equivalently, a subset of k brackets) from the set of n brackets, and this is 


precisely 
n , as required. 
k 


Note the following important special case of Theorem 4.1, obtained by 
taking a = 1  and  b = x: 


n n n(1 + x)n = 
n + 1 


x + · · · + x k + · · · + 
n


x0 k n 


n(n − 1) n= 1  +  nx + x 2 + · · · + x .
2! 


Example 4.1 Expand (2 + 3x)5 . 


Solution Using the Binomial Theorem with n = 5,  a = 2  and  b = 3x, we  
obtain 


5 5(2 + 3x)5 = 0 25 + 5 24(3x) +  23(3x)2 
1 2 


5 5+ 3 22(3x)3 + 4 
2(3x)4 + 


5 (3x)5 
5 


= 25 + 5  × 24(3x) + 10  × 23(3x)2 


+ 10  × 22(3x)3 + 5  × 2(3x)4 + (3x)5 


5= 32 + 240x + 720x 2 + 1080x 3 + 810x 4 + 243x . 


Exercise 4.1 Find the coefficient of: 


(a) a5b4 in the expansion of (a + b)9; 


(b) x4 in the expansion of (1 + 2x)5 . 
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Many identities can be obtained as special cases of the Binomial Theorem 
by choosing particular values for the variables a and b. 


Example 4.2 Deduce from the Binomial Theorem that 


2n n n n n = + + · · · + + · · · + , for n ≥ 1.0 1 k n 


Solution Taking a = 1  and  b = 1 in the statement of the Binomial 
Theorem, we obtain (1 + 1)n = 2n on the left-hand side, whereas all the 
powers of a and b on the right-hand side are equal to 1. This gives the 
required identity. 


In Subsection 1.5 we proved that a set with n elements has 2n subsets. 
The identity in Example 4.2 provides an alternative proof of this fact. 


Since 
n gives the number of k-element subsets of a set with n elements, 
k 


the sum 


n n n n+ + · · · + + · · · +0 1 k n 


gives the total number of subsets (of all sizes) of a set with n elements. By 
the identity in Example 4.2, this sum is equal to 2n . 


Exercise 4.2 


(a) Use the Binomial Theorem to obtain an expansion for (a − b)n . 


(b) Write down the identity you obtain by taking a = 1  and  b = 1  in  
part (a), and check that this identity is true for n = 4.  


It is a remarkable fact that there is a version of the Binomial Theorem 
which holds when n is a real number, rather than just a positive integer. 
This general version, which involves an infinite series, was used by Isaac 
Newton, but a correct proof was not given until the early 19th century by 
the Norwegian mathematician Niels Abel. 


4.2 The Geometric Series Identity 
Expressions of the form an − bn occur often in mathematics,  and we can  
factorise them in the following simple manner: 


a 2 − b2 = (a − b)(a + b), 
a 3 − b3 = (a − b)(a 2 + ab + b2), 
a 4 − b4 = (a − b)(a 3 + a 2b + ab2 + b3), 


and so on. The following general result can be proved by multiplying out 
the expression on the right-hand side. 


Theorem 4.2 Geometric Series Identity 


Let a, b ∈ R and let n be a positive integer. Then 


a n − bn = (a − b)(a n−1 + a n−2b + · · · + abn−2 + bn−1). 


A proof of this infinite version is 
given later in the course. 
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Exercise 4.3 


(a) Write down the Geometric Series Identity in full for the case 
n = 5.  


(b) Use the Geometric Series Identity to show that 


a n + bn = (a + b)(a n−1 − a n−2b + · · · − abn−2 + bn−1), 


where a, b ∈ R and n is an odd positive integer. Write down this 
identity in full for the case n = 5.  


Theorem 4.2 has some useful consequences. In particular, it includes as a 
special case the following formula for the sum of a finite geometric series 
with initial term a, common ratio r, and  n terms. 


Corollary Sum of a finite geometric series 


Let a, r ∈ R and let n be a positive integer. Then ⎧ ( ) 
n1 − r


= 1, 
a + ar + ar 2 + · · · + ar n−1 = 


⎨ 
a 


1 − r
, if r �⎩ 


na, if r = 1. 


Proof For the case r �= 1, we need to show that 
n1 − rn−1 = ;1 +  r + r 2 + · · · + r 


1 − r 


that is, 


1 − r n = (1  − r)(1 + r + r 2 + · · · + r n−1). 


But this follows from the statement of Theorem 4.2 with a = 1  and  b = r. 


When r = 1, the required identity is evident, since the left-hand side then 
consists of n terms all equal to a. 


Exercise 4.4 Find the sum of the following finite geometric series: 


1 + 1/2 + 1/4 +  · · · + 1/2n−1 . 


Theorem 4.2 can also be used to give a short proof of a useful result which 
helps us to factorise polynomials. 


Theorem 4.3 Polynomial Factorisation Theorem 


Let p(x) be a polynomial of degree n, and  let  α ∈ R. Then  p(α) = 0  if  
and only if 


p(x) = (x − α)q(x), (4.1) 


where q is a polynomial of degree n − 1. 


Proof First, we prove the ‘if’ part.



If equation (4.1) holds, then p(α) = (α − α)q(α) =  0. 



Section 4 Two identities 


This explains the name of 
Theorem 4.2. 


Recall that a corollary is a 
consequence of a theorem, 
proved by a short additional 
argument. 


A polynomial in x of degree n is 
an expression of the form 


anx n + an−1x n−1 + · · ·  
+ a1x + a0, 


where an �= 0.  


Here we prove an equivalence by 
proving separately the two 
implications that it comprises. 
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Next, we prove the ‘only if’ part. 


Suppose that p(α) = 0. Let p(x) =  anxn + an−1x
n−1 + · · · + a1x + a0, 


where an �= 0.  Since  p(α) =  0,  


p(x) =  p(x) − p(α) 
= (anx n + an−1x n−1 + · · · + a1x + a0) 


− (anαn + an−1α
n−1 + · · · + a1α + a0) 


= an(x n − αn) +  an−1(x n−1 − αn−1) +  · · · + a1(x − α), 


since the constant terms a0 cancel. Now, by Theorem 4.2, each of the 
bracketed expressions in this last expression has factor x − α, so  p(x) is  the  
product of x − α and a polynomial of the form 


q(x) =  anx n−1 + · · · , 
which has degree n − 1. 


Although the proof of Theorem 4.3 could be used to find the polynomial 
q(x), it is usually easier to find this polynomial by comparing coefficients, 
once we know that x − α is a factor. 


Example 4.3 Show that x − 2 is a factor of the cubic polynomial 


p(x) =  x 3 + x 2 − x − 10, 


and find the corresponding factorisation of p(x). 


Solution First, we evaluate p(2): 


p(2) = 23 + 22 − 2 − 10 = 8 + 4 − 2 − 10 = 0. 


Therefore, by the Polynomial Factorisation Theorem, p(x) has the factor 
x − 2. By comparing the coefficients of x3, and by comparing the constant 
terms, we obtain 


x 3 + x 2 − x − 10 = (x − 2)(x 2 + cx + 5), for some number c. We obtain this by noting that 


The coefficient of x2 is 1 on the left-hand side, and −2 +  c on the 
right-hand side, so c = 3,  which  gives  


the coefficient of x2 in the 
quadratic expression on the 
right-hand side must be 1 in 


x 3 + x 2 − x − 10 = (x − 2)(x 2 + 3x + 5). order to give 1 as the coefficient 
of x3 on the left-hand side. 
Similarly, the constant term in 


Exercise 4.5 For what value of c is x +  3 a factor of  the quadratic expression must 


p(x) =  x 3 + cx 2 + 6x + 36  ?  
be 5 to give the constant term 
−10 on the left-hand side. 


The following result about polynomial factorisation can be proved by 
applying the Polynomial Factorisation Theorem repeatedly, although we 
omit the details here. We have taken the coefficient of the highest power of 
x to be 1, for simplicity. The roots of a polynomial p(x) are the solutions The roots of a polynomial are 
of the equation p(x) = 0.  also known as its zeros. 


Corollary Let p(x) =  xn + an−1x
n−1 + · · · + a1x + a0, and suppose 


that p(x) has  n distinct real roots, α1, α2, . . . , αn. Then  


p(x) = (x − α1)(x − α2) · · · (x − αn). (4.2) 
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In  fact, as you  will  see in Unit  I3,  every polynomial of the form 


p(x) =  x n + an−1x n−1 + · · · + a1x + a0 


has a factorisation of the form (4.2), although the roots α1, α2, . . . , αn need 
not be distinct and may include non-real complex numbers. (Complex 
numbers are introduced in Unit I3.) It follows that a polynomial of

degree n has at most  n distinct roots.



Two useful consequences of this factorisation of p(x) are 



an−1 = −(α1 + α2 + · · · + αn) (4.3) 


and 


a0 = (−1)nα1α2 · · ·αn. (4.4) 
n−1We obtain the first of these equations by comparing the coefficients of x


on the two sides of the equation 


x n + an−1x n−1 + · · · + a1x + a0 = (x − α1)(x − α2) · · · (x − αn). (4.5) 


When the expression on the right-hand side of equation (4.5) is multiplied 
out, each term in xn−1 arises by choosing the variable x from n − 1 of the  
brackets, and the constant term from the remaining bracket. Choosing the 
constant term from the first bracket gives −α1x


n−1, choosing the constant 
term from the second bracket gives −α2x


n−1, and so on. Adding all these 
terms and comparing the resulting total coefficient with the coefficient of 
xn−1 on the left-hand side of equation (4.5) gives equation (4.3). 
Equation (4.4) is obtained by comparing the coefficients of x0 on each side 
of equation (4.5). 


Equations (4.3) and (4.4) relate the sum and product of the roots of the 
polynomial p(x) to two of its coefficients, and they provide a useful check 
on the values of the roots found. Equation (4.4) is useful if you suspect 
that a polynomial of the form p(x) =  xn + an−1x


n−1 + · · · + a1x + a0 has n 
roots all of which are are integers; if they are, then each of the roots must 
be a factor of the constant coefficient a0. 


Example 4.4 Solve the following equation, given that all the solutions are 
integers. 


p(x) =  x 3 − 6x 2 − 9x + 14  =  0. 


Solution Since all the roots of p(x) are integers, the only possible roots 
are the factors of 14, that is, ±1, ±2, ±7, ±14. Considering these in turn, 
we obtain the following table. 


x 1 −1 2 −2 7 −7  14  −14 


p(x) 0 16  −20 0 0 −560 1456 −3780 


The only solutions are x = 1,  x = −2 and  x = 7.  So,  


x 3 − 6x 2 − 9x + 14  =  (x − 1)(x + 2)(x − 7). 


Exercise 4.6 


(a) Solve each of the following equations, given that all their solutions 
are integers. 


(i) p(x) =  x3 − 3x2 + 4  =  0  
(ii) p(x) =  x3 − 9x2 + 23x − 15 = 0 


(b) Determine a polynomial equation whose solutions are 1, 2, 3,−3. 


Section 4 Two identities 


For example, 
x 4 − 6x 3 + 9x 2 + 4x − 12 


= (x − 2)(x − 2)(x − 3)(x + 1). 


In the above polynomial, the 
coefficient of x3 is 


−6 =  −(2 + 2 + 3 − 1), 
and the constant term is 


−12 = (−1)4 × 2 × 2 × 3 × (−1). 


For a cubic equation, once we 
have found three roots, we do 
not need to complete the rest of 
the table, so we could have 
omitted the last three columns 
here. 
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Unit I2 Mathematical language 


Further exercises 
Exercise 4.7 Determine the expansions of the following expressions. 


(a) (a + 3b)4 


(b) (1 − t)7 


Exercise 4.8 Find the coefficients of the following. 


(a) a3b7 in the expansion of (a + b)10 


(b) x13 in the expansion of (2 + x)15 


Exercise 4.9 Find the sum of each of the following finite geometric series. 
1 1 1


(a) 3 − 1 +  
310


− + · · · −  
3 9 


2 na a a
(b) 1 + + + · · · + = b and b �, where  a, b ∈ R, a � = 0  


b b2 bn 


Exercise 4.10 


(a) Show that 2x3 + x2 − 13x + 6  has  a  factor  x − 2, and hence factorise 
this polynomial. 


(b) Solve the equation x3 + 6x2 + 3x − 10 = 0. 


(c) Find the solutions for x in terms of y of the equation 


x 2 + x = y 2 + y. 


Exercise 4.11 


(a) Find a cubic polynomial for which the sum of the roots is 0, the 
product of the roots is −30, and one root is 3. 


(b) Find the other two roots of the polynomial found in part (a). 
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OEBPS/js/jquery.cookie.js
/**
 * Cookie plugin
 *
 * Copyright (c) 2006 Klaus Hartl (stilbuero.de)
 * Dual licensed under the MIT and GPL licenses:
 * http://www.opensource.org/licenses/mit-license.php
 * http://www.gnu.org/licenses/gpl.html
 *
 */

/**
 * Create a cookie with the given name and value and other optional parameters.
 *
 * @example $.cookie('the_cookie', 'the_value');
 * @desc Set the value of a cookie.
 * @example $.cookie('the_cookie', 'the_value', { expires: 7, path: '/', domain: 'jquery.com', secure: true });
 * @desc Create a cookie with all available options.
 * @example $.cookie('the_cookie', 'the_value');
 * @desc Create a session cookie.
 * @example $.cookie('the_cookie', null);
 * @desc Delete a cookie by passing null as value. Keep in mind that you have to use the same path and domain
 *       used when the cookie was set.
 *
 * @param String name The name of the cookie.
 * @param String value The value of the cookie.
 * @param Object options An object literal containing key/value pairs to provide optional cookie attributes.
 * @option Number|Date expires Either an integer specifying the expiration date from now on in days or a Date object.
 *                             If a negative value is specified (e.g. a date in the past), the cookie will be deleted.
 *                             If set to null or omitted, the cookie will be a session cookie and will not be retained
 *                             when the the browser exits.
 * @option String path The value of the path atribute of the cookie (default: path of page that created the cookie).
 * @option String domain The value of the domain attribute of the cookie (default: domain of page that created the cookie).
 * @option Boolean secure If true, the secure attribute of the cookie will be set and the cookie transmission will
 *                        require a secure protocol (like HTTPS).
 * @type undefined
 *
 * @name $.cookie
 * @cat Plugins/Cookie
 * @author Klaus Hartl/klaus.hartl@stilbuero.de
 */

/**
 * Get the value of a cookie with the given name.
 *
 * @example $.cookie('the_cookie');
 * @desc Get the value of a cookie.
 *
 * @param String name The name of the cookie.
 * @return The value of the cookie.
 * @type String
 *
 * @name $.cookie
 * @cat Plugins/Cookie
 * @author Klaus Hartl/klaus.hartl@stilbuero.de
 */
jQuery.cookie = function(name, value, options) {
    if (typeof value != 'undefined') { // name and value given, set cookie
        options = options || {};
        if (value === null) {
            value = '';
            options.expires = -1;
        }
        var expires = '';
        if (options.expires && (typeof options.expires == 'number' || options.expires.toUTCString)) {
            var date;
            if (typeof options.expires == 'number') {
                date = new Date();
                date.setTime(date.getTime() + (options.expires * 24 * 60 * 60 * 1000));
            } else {
                date = options.expires;
            }
            expires = '; expires=' + date.toUTCString(); // use expires attribute, max-age is not supported by IE
        }
        // CAUTION: Needed to parenthesize options.path and options.domain
        // in the following expressions, otherwise they evaluate to undefined
        // in the packed version for some reason...
        var path = options.path ? '; path=' + (options.path) : '';
        var domain = options.domain ? '; domain=' + (options.domain) : '';
        var secure = options.secure ? '; secure' : '';
        document.cookie = [name, '=', encodeURIComponent(value), expires, path, domain, secure].join('');
    } else { // only name given, get cookie
        var cookieValue = null;
        if (document.cookie && document.cookie != '') {
            var cookies = document.cookie.split(';');
            for (var i = 0; i < cookies.length; i++) {
                var cookie = jQuery.trim(cookies[i]);
                // Does this cookie string begin with the name we want?
                if (cookie.substring(0, name.length + 1) == (name + '=')) {
                    cookieValue = decodeURIComponent(cookie.substring(name.length + 1));
                    break;
                }
            }
        }
        return cookieValue;
    }
};



OEBPS/js/jquery.columnmanager.js
/*

 * jQuery columnManager plugin

 * Version: 0.2.5

 *

 * Copyright (c) 2007 Roman Weich

 * http://p.sohei.org

 *

 * Dual licensed under the MIT and GPL licenses 

 * (This means that you can choose the license that best suits your project, and use it accordingly):

 *   http://www.opensource.org/licenses/mit-license.php

 *   http://www.gnu.org/licenses/gpl.html

 *

 * Changelog: 

 * v 0.2.5 - 2008-01-17

 *	-change: added options "show" and "hide". with these functions the user can control the way to show or hide the cells

 *	-change: added $.fn.showColumns() and $.fn.hideColumns which allows to explicitely show or hide any given number of columns

 * v 0.2.4 - 2007-12-02

 *	-fix: a problem with the on/off css classes when manually toggling columns which were not in the column header list

 *	-fix: an error in the createColumnHeaderList function incorectly resetting the visibility state of the columns

 *	-change: restructured some of the code

 * v 0.2.3 - 2007-12-02

 *	-change: when a column header has no text but some html markup as content, the markup is used in the column header list instead of "undefined"

 * v 0.2.2 - 2007-11-27

 *	-change: added the ablity to change the on and off CSS classes in the column header list through $().toggleColumns()

 *	-change: to avoid conflicts with other plugins, the table-referencing data in the column header list is now stored as an expando and not in the class name as before

 * v 0.2.1 - 2007-08-14

 *	-fix: handling of colspans didn't work properly for the very first spanning column

 *	-change: altered the cookie handling routines for easier management

 * v 0.2.0 - 2007-04-14

 *	-change: supports tables with colspanned and rowspanned cells now

 * v 0.1.4 - 2007-04-11

 *	-change: added onToggle option to specify a custom callback function for the toggling over the column header list

 * v 0.1.3 - 2007-04-05

 *	-fix: bug when saving the value in a cookie

 *	-change: toggleColumns takes a number or an array of numbers as argument now

 * v 0.1.2 - 2007-04-02

 * 	-change: added jsDoc style documentation and examples

 * 	-change: the column index passed to toggleColumns() starts at 1 now (conforming to the values passed in the hideInList and colsHidden options)

 * v 0.1.1 - 2007-03-30

 * 	-change: changed hideInList and colsHidden options to hold integer values for the column indexes to be affected

 *	-change: made the toggleColumns function accessible through the jquery object, to toggle the state without the need for the column header list

 *	-fix: error when not finding the passed listTargetID in the dom

 * v 0.1.0 - 2007-03-27

 */



(function($) 

{

	var defaults = {

		listTargetID : null,

		onClass : '',

		offClass : '',

		hideInList: [],

		colsHidden: [],

		saveState: false,

		onToggle: null,

		show: function(cell){

			showCell(cell);

		},

		hide: function(cell){

			hideCell(cell);

		}

	};

	

	var idCount = 0;

	var cookieName = 'columnManagerC';



	/**

	 * Saves the current state for the table in a cookie.

	 * @param {element} table	The table for which to save the current state.

	 */

	var saveCurrentValue = function(table)

	{

		var val = '', i = 0, colsVisible = table.cMColsVisible;

		if ( table.cMSaveState && table.id && colsVisible && $.cookie )

		{

			for ( ; i < colsVisible.length; i++ )

			{

				val += ( colsVisible[i] == false ) ? 0 : 1;

			}

			$.cookie(cookieName + table.id, val, {expires: 9999});

		}

	};

	

	/**

	 * Hides a cell.

	 * It rewrites itself after the browsercheck!

	 * @param {element} cell	The cell to hide.

	 */

	var hideCell = function(cell)

	{

		if ( jQuery.browser.msie )

		{

			(hideCell = function(c)

			{

				c.style.setAttribute('display', 'none');

			})(cell);

		}

		else

		{

			(hideCell = function(c)

			{

				c.style.display = 'none';

			})(cell);

		}

	};



	/**

	 * Makes a cell visible again.

	 * It rewrites itself after the browsercheck!

	 * @param {element} cell	The cell to show.

	 */

	var showCell = function(cell)

	{

		if ( jQuery.browser.msie )

		{

			(showCell = function(c)

			{

				c.style.setAttribute('display', 'block');

			})(cell);

		}

		else

		{

			(showCell = function(c)

			{

				c.style.display = 'table-cell';

			})(cell);

		}

	};



	/**

	 * Returns the visible state of a cell.

	 * It rewrites itself after the browsercheck!

	 * @param {element} cell	The cell to test.

	 */

	var cellVisible = function(cell)

	{

		if ( jQuery.browser.msie )

		{

			return (cellVisible = function(c)

			{

				return c.style.getAttribute('display') != 'none';

			})(cell);

		}

		else

		{

			return (cellVisible = function(c)

			{

				return c.style.display != 'none';

			})(cell);

		}

	};



	/**

	 * Returns the cell element which has the passed column index value.

	 * @param {element} table	The table element.

	 * @param {array} cells		The cells to loop through.

	 * @param {integer} col	The column index to look for.

	 */

	var getCell = function(table, cells, col)

	{

		for ( var i = 0; i < cells.length; i++ )

		{

			if ( cells[i].realIndex === undefined ) //the test is here, because rows/cells could get added after the first run

			{

				fixCellIndexes(table);

			}

			if ( cells[i].realIndex == col )

			{

				return cells[i];

			}

		}

		return null;

	};



	/**

	 * Calculates the actual cellIndex value of all cells in the table and stores it in the realCell property of each cell.

	 * Thats done because the cellIndex value isn't correct when colspans or rowspans are used.

	 * Originally created by Matt Kruse for his table library - Big Thanks! (see http://www.javascripttoolbox.com/)

	 * @param {element} table	The table element.

	 */

	var fixCellIndexes = function(table) 

	{

		var rows = table.rows;

		var len = rows.length;

		var matrix = [];

		for ( var i = 0; i < len; i++ )

		{

			var cells = rows[i].cells;

			var clen = cells.length;

			for ( var j = 0; j < clen; j++ )

			{

				var c = cells[j];

				var rowSpan = c.rowSpan || 1;

				var colSpan = c.colSpan || 1;

				var firstAvailCol = -1;

				if ( !matrix[i] )

				{ 

					matrix[i] = []; 

				}

				var m = matrix[i];

				// Find first available column in the first row

				while ( m[++firstAvailCol] ) {}

				c.realIndex = firstAvailCol;

				for ( var k = i; k < i + rowSpan; k++ )

				{

					if ( !matrix[k] )

					{ 

						matrix[k] = []; 

					}

					var matrixrow = matrix[k];

					for ( var l = firstAvailCol; l < firstAvailCol + colSpan; l++ )

					{

						matrixrow[l] = 1;

					}

				}

			}

		}

	};

	

	/**

	 * Manages the column display state for a table.

	 *

	 * Features:

	 * Saves the state and recreates it on the next visit of the site (requires cookie-plugin).

	 * Extracts all headers and builds an unordered(<UL>) list out of them, where clicking an list element will show/hide the matching column.

	 *

	 * @param {map} options		An object for optional settings (options described below).

	 *

	 * @option {string} listTargetID	The ID attribute of the element the column header list will be added to.

	 *						Default value: null

	 * @option {string} onClass		A CSS class that is used on the items in the column header list, for which the column state is visible 

	 *						Works only with listTargetID set!

	 *						Default value: ''

	 * @option {string} offClass		A CSS class that is used on the items in the column header list, for which the column state is hidden.

	 *						Works only with listTargetID set!

	 *						Default value: ''

	 * @option {array} hideInList	An array of numbers. Each column with the matching column index won't be displayed in the column header list.

	 *						Index starting at 1!

	 *						Default value: [] (all columns will be included in the list)

	 * @option {array} colsHidden	An array of numbers. Each column with the matching column index will get hidden by default.

	 *						The value is overwritten when saveState is true and a cookie is set for this table.

	 *						Index starting at 1!

	 *						Default value: []

	 * @option {boolean} saveState	Save a cookie with the sate information of each column.

	 *						Requires jQuery cookie plugin.

	 *						Default value: false

	 * @option {function} onToggle	Callback function which is triggered when the visibility state of a column was toggled through the column header list.

	 *						The passed parameters are: the column index(integer) and the visibility state(boolean).

	 *						Default value: null

	 *

	 * @option {function} show		Function which is called to show a table cell.

	 *						The passed parameters are: the table cell (DOM-element).

	 *						Default value: a functions which simply sets the display-style to block (visible)

	 *

	 * @option {function} hide		Function which is called to hide a table cell.

	 *						The passed parameters are: the table cell (DOM-element).

	 *						Default value: a functions which simply sets the display-style to none (invisible)

	 *

	 * @example $('#table').columnManager([listTargetID: "target", onClass: "on", offClass: "off"]);

	 * @desc Creates the column header list in the element with the ID attribute "target" and sets the CSS classes for the visible("on") and hidden("off") states.

	 *

	 * @example $('#table').columnManager([listTargetID: "target", hideInList: [1, 4]]);

	 * @desc Creates the column header list in the element with the ID attribute "target" but without the first and fourth column.

	 *

	 * @example $('#table').columnManager([listTargetID: "target", colsHidden: [1, 4]]);

	 * @desc Creates the column header list in the element with the ID attribute "target" and hides the first and fourth column by default.

	 *

	 * @example $('#table').columnManager([saveState: true]);

	 * @desc Enables the saving of visibility informations for the columns. Does not create a column header list! Toggle the columns visiblity through $('selector').toggleColumns().

	 *

	 * @type jQuery

	 *

	 * @name columnManager

	 * @cat Plugins/columnManager

	 * @author Roman Weich (http://p.sohei.org)

	 */

	$.fn.columnManager = function(options)

	{

		var settings = $.extend({}, defaults, options);



		/**

		 * Creates the column header list.

		 * @param {element} table	The table element for which to create the list.

		 */

		var createColumnHeaderList = function(table)

		{

			if ( !settings.listTargetID )

			{

				return;

			}

			var $target = $('#' + settings.listTargetID);

			if ( !$target.length )

			{

				return;

			}

			//select headrow - when there is no thead-element, use the first row in the table

			var headRow = null;

			if ( table.tHead && table.tHead.length )

			{

				headRow = table.tHead.rows[0];

			}

			else if ( table.rows.length )

			{

				headRow = table.rows[0];

			}

			else

			{

				return; //no header - nothing to do

			}

			var cells = headRow.cells;

			if ( !cells.length )

			{

				return; //no header - nothing to do

			}

			//create list in target element

			var $list = null;

			if ( $target.get(0).nodeName.toUpperCase() == 'UL' )

			{

				$list = $target;

			}

			else

			{

				$list = $('<ul></ul>');

				$target.append($list);

			}

			var colsVisible = table.cMColsVisible;

			//create list elements from headers

			for ( var i = 0; i < cells.length; i++ )

			{

				if ( $.inArray(i + 1, settings.hideInList) >= 0 )

				{

					continue;

				}

				colsVisible[i] = ( colsVisible[i] !== undefined ) ? colsVisible[i] : true;

				var text = $(cells[i]).text(), 

					addClass;

				if ( !text.length )

				{

					text = $(cells[i]).html();

					if ( !text.length ) //still nothing?

					{

						text = 'No label'; // GNS - was: 'undefined'

					}

				}

				if ( colsVisible[i] && settings.onClass )

				{

					addClass = settings.onClass;

				}

				else if ( !colsVisible[i] && settings.offClass )

				{

					addClass = settings.offClass;

				}

				var $li = $('<li class="' + addClass + '">' + text + '</li>').click(toggleClick);

				$li[0].cmData = {id: table.id, col: i};

				$list.append($li);

			}

			table.cMColsVisible = colsVisible;

		};



		/**

		 * called when an item in the column header list is clicked

		 */

		var toggleClick = function()

		{

			//get table id and column name

			var data = this.cmData;

			if ( data && data.id && data.col >= 0 )

			{

				var colNum = data.col, 

					$table = $('#' + data.id);

				if ( $table.length )

				{

					$table.toggleColumns([colNum + 1], settings);

					//set the appropriate classes to the column header list

					var colsVisible = $table.get(0).cMColsVisible;

					if ( settings.onToggle )

					{

						settings.onToggle.apply($table.get(0), [colNum + 1, colsVisible[colNum]]);

					}

				}

			}

		};



		/**

		 * Reads the saved state from the cookie.

		 * @param {string} tableID	The ID attribute from the table.

		 */

		var getSavedValue = function(tableID)

		{

			var val = $.cookie(cookieName + tableID);

			if ( val )

			{

				var ar = val.split('');

				for ( var i = 0; i < ar.length; i++ )

				{

					ar[i] &= 1;

				}

				return ar;

			}

			return false;

		};



        return this.each(function()

        {

			this.id = this.id || 'jQcM0O' + idCount++; //we need an id for the column header list stuff

			var i, 

				colsHide = [], 

				colsVisible = [];

			//fix cellIndex values

			fixCellIndexes(this);

			//some columns hidden by default?

			if ( settings.colsHidden.length )

			{

				for ( i = 0; i < settings.colsHidden.length; i++ )

				{

					colsVisible[settings.colsHidden[i] - 1] = true;

					colsHide[settings.colsHidden[i] - 1] = true;

				}

			}

			//get saved state - and overwrite defaults

			if ( settings.saveState )

			{

				var colsSaved = getSavedValue(this.id);

				if ( colsSaved && colsSaved.length )

				{

					for ( i = 0; i < colsSaved.length; i++ )

					{

						colsVisible[i] = true;

						colsHide[i] = !colsSaved[i];

					}

				}

				this.cMSaveState = true;

			}

			//assign initial colsVisible var to the table (needed for toggling and saving the state)

			this.cMColsVisible = colsVisible;

			//something to hide already?

			if ( colsHide.length )

			{

				var a = [];

				for ( i = 0; i < colsHide.length; i++ )

				{

					if ( colsHide[i] )

					{

						a[a.length] = i + 1;

					}

				}

				if ( a.length )

				{

					$(this).toggleColumns(a);

				}

			}

			//create column header list

			createColumnHeaderList(this);

        }); 

	};



	/**

	 * Shows or hides table columns.

	 *

	 * @param {integer|array} columns		A number or an array of numbers. The display state(visible/hidden) for each column with the matching column index will get toggled.

	 *							Column index starts at 1! (see the example)

	 *

	 * @param {map} options		An object for optional settings to handle the on and off CSS classes in the column header list (options described below).

	 * @option {string} listTargetID	The ID attribute of the element with the column header.

	 * @option {string} onClass		A CSS class that is used on the items in the column header list, for which the column state is visible 

	 * @option {string} offClass		A CSS class that is used on the items in the column header list, for which the column state is hidden.

	 * @option {function} show		Function which is called to show a table cell.

	 * @option {function} hide		Function which is called to hide a table cell.

	 *

	 * @example $('#table').toggleColumns([2, 4], {hide: function(cell) { $(cell).fadeOut("slow"); }});

	 * @before <table id="table">

	 *   			<thead>

	 *   				<th>one</th

	 *   				<th>two</th

	 *   				<th>three</th

	 *   				<th>four</th

	 *   			</thead>

	 * 		   </table>

	 * @desc Toggles the visible state for the columns "two" and "four". Use custom function to fade the cell out when hiding it.

	 *

	 * @example $('#table').toggleColumns(3, {listTargetID: 'theID', onClass: 'vis'});

	 * @before <table id="table">

	 *   			<thead>

	 *   				<th>one</th

	 *   				<th>two</th

	 *   				<th>three</th

	 *   				<th>four</th

	 *   			</thead>

	 * 		   </table>

	 * @desc Toggles the visible state for column "three" and sets or removes the CSS class 'vis' to the appropriate column header according to the visibility of the column.

	 *

	 * @type jQuery

	 *

	 * @name toggleColumns

	 * @cat Plugins/columnManager

	 * @author Roman Weich (http://p.sohei.org)

	 */

	$.fn.toggleColumns = function(columns, cmo)

	{

        return this.each(function() 

        {

			var i, toggle, di, 

				rows = this.rows, 

				colsVisible = this.cMColsVisible;



			if ( !columns )

				return;



			if ( columns.constructor == Number )

				columns = [columns];



			if ( !colsVisible )

				colsVisible = this.cMColsVisible = [];



			//go through all rows in the table and hide the cells

			for ( i = 0; i < rows.length; i++ )

			{

				var cells = rows[i].cells;

				for ( var k = 0; k < columns.length; k++ )

				{

					var col = columns[k] - 1;

					if ( col >= 0 )

					{

						//find the cell with the correct index

						var c = getCell(this, cells, col);

						//cell not found - maybe a previous one has a colspan? - search it!

						if ( !c )

						{

							var cco = col;

							while ( cco > 0 && !(c = getCell(this, cells, --cco)) ) {} //find the previous cell

							if ( !c )

							{

								continue;

							}

						}

						//set toggle direction

						if ( colsVisible[col] == undefined )//not initialized yet

						{

							colsVisible[col] = true;

						}

						if ( colsVisible[col] )

						{

							toggle = cmo && cmo.hide ? cmo.hide : hideCell;

							di = -1;

						}

						else

						{

							toggle = cmo && cmo.show ? cmo.show : showCell;

							di = 1;

						}

						if ( !c.chSpan )

						{

							c.chSpan = 0;

						}

						//the cell has a colspan - so dont show/hide - just change the colspan

						if ( c.colSpan > 1 || (di == 1 && c.chSpan && cellVisible(c)) )

						{

							//is the colspan even reaching this cell? if not we have a rowspan -> nothing to do

							if ( c.realIndex + c.colSpan + c.chSpan - 1 < col )

							{

								continue;

							}

							c.colSpan += di;

							c.chSpan += di * -1;

						}

						else if ( c.realIndex + c.chSpan < col )//a previous cell was found, but doesn't affect this one (rowspan)

						{

							continue;

						}

						else //toggle cell

						{

							toggle(c);

						}

					}

				}

			}

			//set the colsVisible var

			for ( i = 0; i < columns.length; i++ )

			{

				this.cMColsVisible[columns[i] - 1] = !colsVisible[columns[i] - 1];

				//set the appropriate classes to the column header list, if the options have been passed

				if ( cmo && cmo.listTargetID && ( cmo.onClass || cmo.offClass ) )

				{

					var onC = cmo.onClass, offC = cmo.offClass, $li;

					if ( colsVisible[columns[i] - 1] )

					{

						onC = offC;

						offC = cmo.onClass;

					}

					$li = $("#" + cmo.listTargetID + " li").filter(function(){return this.cmData && this.cmData.col == columns[i] - 1;});

					if ( onC )

					{

						$li.removeClass(onC);

					}

					if ( offC )

					{

						$li.addClass(offC);

					}

				}

			}

			saveCurrentValue(this);

		});

	};



	/**

	 * Shows all table columns.

	 * When columns are passed through the parameter only the passed ones become visible.

	 *

	 * @param {integer|array} columns		A number or an array of numbers. Each column with the matching column index will become visible.

	 *							Column index starts at 1!

	 *

	 * @param {map} options		An object for optional settings which will get passed to $().toggleColumns().

	 *

	 * @example $('#table').showColumns();

	 * @desc Sets the visibility state of all hidden columns to visible.

	 *

	 * @example $('#table').showColumns(3);

	 * @desc Show column number three.

	 *

	 * @type jQuery

	 *

	 * @name showColumns

	 * @cat Plugins/columnManager

	 * @author Roman Weich (http://p.sohei.org)

	 */

	$.fn.showColumns = function(columns, cmo)

	{

        return this.each(function() 

        {

			var i,

				cols = [],

				cV = this.cMColsVisible;

			if ( cV )

			{

				if ( columns && columns.constructor == Number ) 

					columns = [columns];



				for ( i = 0; i < cV.length; i++ )

				{

					//if there were no columns passed, show all - or else show only the columns the user wants to see

					if ( !cV[i] && (!columns || $.inArray(i + 1, columns) > -1) )

						cols.push(i + 1);

				}

				

				$(this).toggleColumns(cols, cmo);

			}

		});

	};



	/**

	 * Hides table columns.

	 *

	 * @param {integer|array} columns		A number or an array of numbers. Each column with the matching column index will get hidden.

	 *							Column index starts at 1!

	 *

	 * @param {map} options		An object for optional settings which will get passed to $().toggleColumns().

	 *

	 * @example $('#table').hideColumns(3);

	 * @desc Hide column number three.

	 *

	 * @type jQuery

	 *

	 * @name hideColumns

	 * @cat Plugins/columnManager

	 * @author Roman Weich (http://p.sohei.org)

	 */

	$.fn.hideColumns = function(columns, cmo)

	{

        return this.each(function() 

        {

			var i,

				cols = columns,

				cV = this.cMColsVisible;

			if ( cV )

			{

				if ( columns.constructor == Number ) 

					columns = [columns];

				cols = [];



				for ( i = 0; i < columns.length; i++ )

				{

					if ( cV[columns[i] - 1] || cV[columns[i] - 1] == undefined )

						cols.push(columns[i]);

				}

				

			}

			$(this).toggleColumns(cols, cmo);

		});

	};

})(jQuery);





